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Abstract
Abstract
The substitution of a small fraction x of nitrogen atoms, for the group V elements
in conventional III-V semiconductors such as GaAs and GaSb strongly perturbs
the conduction band of the host semiconductor. In this thesis we investigate the
eﬀects of nitrogen states on the band dispersion, carrier scattering and mobility
of dilute nitride alloys.
In the supercell model we solve the single particle Hamiltonian for a very large
supercell containing randomly placed nitrogen. This model predicts a gap in the
density of states of GaNxAs1−x, where this gap is ﬁlled in the Green’s function
model. Therefore we develop a self-consistent Green’s function (SCGF) approach,
which provides excellent agreement with supercell calculations and reveals a gap
in the DOS, in contrast with the results of previous non-self-consistent Green’s
function calculations. However, including the distribution of N states destroys
this gap, as seen in experiment.
We then examine the high ﬁeld transport of carriers by solving the steady-
state Boltzmann transport equation and ﬁnd that it is necessary to include the
full distribution of N levels in order to account for the small, low-ﬁeld mobility and
the absence of a negative diﬀerential velocity regime observed experimentally with
increasing x. Overall the results account well for a wide range of experimental
data.
We also investigate the band structure, scattering and mobility of carriers by
ﬁnding the poles of the SCGF, which gives lower carrier mobility for GaNxAs1−x,
compared to those already calculated, in better agreement with experiments. The
calculated optical absorption spectra for InyGa1−yNxAs1−x and GaNxSb1−x using
the SCGF agree well with the experimental data, conﬁrming the validity of this
approach to study the band structure of these materials.
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Chapter 1
Introduction
1.1 Motivation and background
The band structure and physical properties of semiconductors can be engineered
by alloying these materials. Such alloys have been widely used in the development
and improvement of electronic and optoelectronic devices. Most such alloys are
well described using the virtual crystal approximation where the properties of the
materials evolve smoothly, in a linear or close to linear fashion as the composition
is varied.
In the last twenty years, dilute nitrite semiconductor alloys have been a topic
of intense scientiﬁc research and technological developments ever since they were
discovered, because of their peculiar electronic and physical properties and po-
tential device applications. The substitution of dilute amounts of nitrogen atoms
for the group V elements in conventional III-V semiconductors such as GaAs or
GaInAs strongly disturbs the conduction band (CB) of the host semiconductor,
in a way which is markedly diﬀerent from what will be expected using the virtual
crystal approximation. This allows one to strongly modify and tailor the band
structure of these semiconductors, leading to the development of novel optoelec-
tronic devices such as light emitting diodes, edge emitting lasers, solar cells, photo
detectors, and modulators [1–3].
When a small fraction of arsenic in GaAs is replaced by nitrogen to form
GaNxAs1−x the energy gap decreases rapidly by about 100 meV per % of N for
x < 3% [4]. This behaviour is markedly diﬀerent to conventional semiconductors,
and is of interest both from a fundamental perspective and because of its signiﬁ-
cant potential device applications. As an example, the strong bowing opens the
possibility of using GaInNAs to get optical emission on a GaAs substrate at the
technologically important wavelengths of 1.3 and 1.55 µm, considerably expand-
1
1. Introduction
ing the capabilities of GaAs for optoelectronics devices [3]. In 1996 M. Kondow
et al. [5] proposed GaInAsN as a material for long wavelength emission on GaAs.
These new semiconductors oﬀer device engineers new design opportunities for a
new generation of electronic and optoelectronic devices.
The unusual electronic properties of Ga(In)NAs arise because of the marked
diﬀerence between nitrogen and arsenic atoms: N is considerably more electroneg-
ative, and the equilibrium Ga-N bond length is 20% shorter than that of GaAs.
This strong diﬀerence has far-reaching consequences, and underpins many fea-
tures of dilute nitride alloys.
Signiﬁcant progress has been achieved in understanding the electronic struc-
ture of dilute nitrides, and several theoretical approaches have been used to de-
scribe the electronic band structure of nitrogen-containing III-V compounds [6].
It is well established that because of the large diﬀerence in electronegativity and
atomic size between N and As, when a single N atom replaces an As atom in
GaAs, it forms a resonant defect level above the conduction band edge (CBE) of
GaAs [7, 8]. A major breakthrough was achieved by Shan et al. [9] who demon-
strated that the reduction in energy gap in dilute nitride alloys is due to a band
anti-crossing (BAC) interaction between the conduction band edge of the host
semiconductor material and these localised N impurity states.
The BAC model provides a good qualitative explanation of the band structure
of dilute nitride alloys, but it is in many cases necessary to include the details of
the distribution of N-related defect levels to obtain a quantitative understanding
of the conduction band structure in dilute nitride alloys. In practice, replacing
As by N introduces a range of N-related defect levels, associated with isolated
N atoms, N-N pairs, where a group III atom has two N neighbours, and larger
clusters of N atoms. In has been shown that the eﬀect of such defect levels on
the alloy conduction band structure is strongly dependent on the relative energy
of the defect levels and the host conduction band edge [10, 11].
The incorporation of nitrogen into III-V materials is also known to cause a
large drop in the electron mobility [12, 13]. In addition to the scattering from ni-
trogen states, the conduction band becomes highly non-parabolic, which further
aﬀects the transport properties. Adams proposed that a suppression of the elec-
tron ionisation rate might be possible in avalanche photodiodes, due to the strong
perturbation by N states that could limit the ability of electrons to gain higher
energy from an applied electric ﬁeld in GaNAs [14]. Moreover, a strong negative
diﬀerential velocity has been predicted and observed at high electric ﬁelds for
GaNxAs1−x with very low N composition, x [15]. Recent Monte Carlo calcula-
Dilute Nitride Semiconductors 2
1.2 Thesis structure
tions [16] also conﬁrms negative diﬀerential velocity at very low N compositions
(x ≤ 0.2%).
1.2 Thesis structure
In this thesis we explore the electronic structure, scattering and high ﬁeld trans-
port of carriers in GaNxAs1−x alloys. First a review of the relevant background
to this work is presented in Chapter 2. This chapter begins with an overview
the current models to explain the inﬂuence of the introduction of N atoms in the
band structure of the dilute nitride alloys. We ﬁrst review the band-anticrossing
model to describe the conduction band structure. We then discuss that there are
in practice a distribution of N-related states in GaNAs, which can be described
using a Linear Combination of Isolated Nitrogen States (LCINS) model [11, 17].
We then describe the Green’s function approach to calculate the electronic struc-
ture. Then we describe some experiments that reported a dramatic reduction in
the carrier mobility of GaNxAs1−x alloys, and review the main suggested models
to understand carrier scattering and mobility in these materials. We also brieﬂy
mention some experiments that observed negative diﬀerential velocity at high
ﬁeld for samples containing small fraction of N, x.
Then in chapters 3 to 5 we investigate the band structure of dilute nitride
alloys as a requirement to study the hot-electron, mobility and drift velocity in
high electric ﬁelds in Chapter 6. We modify and develop the BAC and Green’s
function models in Chapter 3. The Green’s function approach proposed by Wu et
al. [18] predicts that the nitrogen state energies acquire an imaginary component,
interpreted as an energy broadening, which is omitted in the usual BAC model.
We introduce this N broadening by considering a complex N state energy EN in
the BAC model in Chapter 3. Moreover the usual BAC model is oversimpliﬁed
as it assumes that all N atoms have the same energy EN , and ignores a range of
resonant defect level close to the conduction band edge. We modify this model
in Chapter 3 by including N-N pairs and larger clusters of localised N states.
Also we consider the shift in the N state energies due to their interaction with
the CB states, and calculate the density of states (DOS) and band dispersion of
GaNxAs1−x alloys.
In order to examine the accuracy of these models we undertake supercell cal-
culations in Chapter 4, where by using the Anderson impurity model we directly
solve a simpliﬁed random impurity model Hamiltonian for a very large GaAs su-
percell, and calculate the exact eigenstates of this Hamiltonian. To simplify this
3 Masoud Seifikar
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model we ignore the distribution of N states and assume all the N atoms have
the same energy, EN . Thereafter we compare the band structure and the density
of states of GaNAs alloys in the supercell, with those obtained using the BAC
and Green’s function models. This comparison conﬁrms the validity of the BAC
model at energies away from N state energies but highlights some disagreements
close to the N energy, EN . The supercell model predicts a gap in the DOS of
GaNxAs1−x alloys, where this gap is ﬁlled in the Green’s function and the mod-
iﬁed BAC models. These results suggest a deeper investigation of the energy
broadening model used in the Green’s function approach.
Therefore, in Chapter 5 we introduce a self-consistent Green’s function
(SCGF) method by introducing an energy-dependent complex energy ∆Ej(E),
where the imaginary and real parts of ∆Ej(E) indicate the broadening and shift
in energy, respectively. This model gives a very good agreement with the re-
sults of the supercell calculations, including in the energy range close to EN .
In this chapter we also consider the eﬀects of a distribution of N-related defect
levels in the band structure by using the LCINS model. This model considers
the interaction between nitrogen atoms on nearby sites leading to inhomogeneous
broadening and a distribution of localised state energies. We examine the conse-
quences of this distribution on the density of states and band structure of dilute
nitride alloys. We show that it has several signiﬁcant eﬀects including a ﬁlling of
the gap in the DOS of GaNxAs1−x alloys.
Having provided a clear picture of the band structure and the density of states
of GaNAs alloys, we study in Chapter 6 the scattering and high ﬁeld transport,
by solving the steady-state Boltzmann transport equation in bulk GaNxAs1−x.
Two diﬀerent models of the CB structure have been studied to investigate the
behaviour of electrons with increasing electric ﬁeld in GaNxAs1−x alloys: (1)
carriers in parabolic Γ and L bands are scattered by resonant nitrogen states,
polar optic and acoustic phonons, and intervalley optical phonons; (2) carriers
conﬁned in the lower band of the BAC model are scattered by N states and by
optical phonons. We consider scattering both by isolated N states and by a full
LCINS distribution of N states. We conclude that it is necessary to include the
full distribution of N states in order to account for the small low-ﬁeld mobility
and the absence of a negative diﬀerential velocity regime observed experimentally
with increasing x. We note that the BAC model with carriers constrained to the
lower BAC sub-band fails at high electric ﬁeld as it does not allow carriers to
accelerate to higher energies.
Chapter 7 aims to develop a more complete model to calculate the band
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structure, scattering and mobility of bulk dilute nitride alloys by ﬁnding the
poles of the Green’s function. In this chapter we calculate the complex poles
of the Green’s function in a self-consistent manner, where we use its imaginary
and real parts to calculate the scattering rate and band dispersion of carriers,
respectively. Then we use the band dispersion and scattering rates to determine
the carrier mean free path and mobility using the Boltzmann Transport Equation.
Our results for low ﬁeld mobility in Chapter 7 show a better agreement than were
obtained in Chapter 6, because the model used in Chapter 7 considers the eﬀects
of nitrogen states on both the band dispersion and carrier scattering.
Then in Chapter 8 we benchmark the methods we have developed by calcu-
lating the optical absorption coeﬃcient for InGANAs and GaNSb alloys, using
the BAC and LCINS model, and comparing the results with experimental data.
We consider two models for the band structure of dilute nitride alloys: (1) the
BAC model including isolated and pair N levels interacting with the host ma-
trix conduction, light hole and spin orbit split-oﬀ band; (2) the SCGF method
to include the full distribution of localised state calculated using the LCINS ap-
proach, including non-parabolic CB and light hole, and parabolic heavy hole and
split-oﬀ bands. The ﬁrst model accounts for many features of the absorption
coeﬃcient spectrum in comparison with experiments on InGaNAs alloys; includ-
ing the LCINS distribution improves this agreement. Our calculated absorption
spectra for GaNSb alloys predict the band edges correctly, but show more fea-
tures than seen experimentally. This suggests the presence of more disorder in
GaNSb alloys in comparison with InGaNAs.
Finally in Chapter 9 we summarise our conclusions and discuss possible future
works.
5 Masoud Seifikar
1. Introduction
Dilute Nitride Semiconductors 6
Chapter 2
Review of prior research
2.1 Introduction
The aim of this chapter is to provide an overview of the background theory of
dilute nitride semiconductors relevant to this thesis. We start with the band
structure of dilute nitride alloys, and the current models to treat the eﬀect of
substitutional nitrogen atoms in GaNAs. We begin, in § 2.2 by giving an overview
of the band anticrossing (BAC), Linear Combination of Isolated Nitrogen States
(LCINS) and Green’s function methods that have already been applied to explain
the electronic structure of GaNAs alloys. Then in § 2.3 we ﬁrst brieﬂy discuss the
prior carrier mobility measurements of GaNAs alloys that have shown a signiﬁcant
reduction of mobility in these alloys in comparison with GaAs. This is followed
by a brief overview of the models which have been introduced to explain this
remarkable decrease of electron mobility in dilute nitride semiconductors. Finally
we review, in § 2.4, the research that has been performed on high ﬁeld transport
in dilute nitride alloys.
2.2 Band structure
The electronic structure of dilute nitride alloys has attracted considerable interest,
both from a fundamental perspective and also because of their potential device
application. Substituting a small fraction of the group V atoms by nitrogen,
N, strongly perturbs the conduction band of III-VN materials. For instance,
replacing a small fraction of As atoms by N introduces a series of N-related
defect states into the conduction band (CB) of GaAs, and the energy gap initially
decreases rapidly, at about 0.1 eV per percent of N for x < 0.03 [4]. A number
of theoretical models have been introduced to explain the behaviour of these
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materials, of which the simplest one is the two-level band anti-crossing model, as
described in the next section.
2.2.1 BAC model
It is well known that the substitution of an As atoms by a single N atom, in GaAs,
forms a resonant defect level above the conduction band edge (CBE) of GaAs [7].
The BAC model introduced by Walukiewicz and co-workers explains the extreme
band gap bowing observed in Ga1−yInyAs1−xNx in terms of an interaction between
two levels, one at energy EN associated with localised isolated N impurity states
ψN , and the other at energy Ec associated with the extended CBE state ψc0 of the
GaInAs matrix, with the two states linked by a matrix element VNc describing the
interaction between them [9]. The conduction band dispersion of GaInAs1−xNx
is then given in the BAC model by the eigenvalues of the determinant equation
∣∣∣∣∣∣∣
EN (x)− E VNc
VNc Ec(x) +
~
2k2
2m∗
− E
∣∣∣∣∣∣∣ = 0, (2.1)
where the interaction VNc between the host matrix CBE and the N state increases
with N concentration as VNc = βx1/2 [19], β is a constant parameter, and m∗ is
an appropriately chosen band edge eﬀective mass for the Ga(In)As host matrix
material [20].
Figure 2.1 shows as an example the band structure of GaN0.005As0.995, where
the interaction of the CB of GaAs, Ek, with the nitrogen state energy, EN , splits
the host semiconductor CB into two sub-bands E− and E+. The bottom of
the lower band, E−(k), is pushed down to lower energy and the minimum of
the upper band, E+(k), is pushed up with increasing x. Here we have taken
EN = (1.56 − 0.22x) eV, Ec = (1.42 − 3.5x) eV and β = 2.0 eV, based on the
parameter values given in [21].
The BAC model explains many features of the electronic structure, includ-
ing the strong reduction in energy gap in GaNxAs1−x with increasing x [9], the
band dispersion close to and above the CBE in samples with very low N compo-
sition [22], and the measured increase in band edge eﬀective mass in GaInAsN
alloys [20]. However, because it omits the full energy distribution of N states, it
fails to explain the further enhancement and non-monotonic variation of the band
edge mass with x in GaNxAs1−x for x ≥ 0.05% [6, 23, 24]. The BAC model is
oversimpliﬁed, because it ignores the detail of the distribution of N states which
are present in actual GaNAs samples, as will be discussed in the next section.
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Figure 2.1: Dispersion relation for GaNxAs1−x with x = 0.5%, calculated by
BAC model of Eq. (2.1). Ek and EN show the host semiconductor and nitrogen
energies, respectively.
More details of the BAC model and how it can be modiﬁed to treat a range of
diﬀerent N defect states will be presented in chapter. 3.
2.2.2 LCINS model
O’Reilly, Lindsay and Fahy have previously used a tight-binding-based model to
calculate the distribution of N states expected in random GaNAs alloys, treating
explicitly the interactions between a Linear Combination of Isolated Nitrogen
States (LCINS) in this model [11, 17]. These interactions lead to a mixing be-
tween the diﬀerent N states and a broadening of the N spectral energy (ENj
no longer just equal to EN ) and of the interaction values VNc. In addition, the
number of N pair and cluster states increases with N composition x. The pair
states have energy close to ENN , the energy of an isolated N pair, where a N
pair is formed when two of a Ga atom’s nearest neighbours are N atoms [21].
The density of localised N states calculated by the LCINS approach, weighted
by |Vj|2/Nc (where Nc is the number of primitive cells in the system and Vj is
the interaction matrix element of state j with the CBE), is shown in Fig. 2.2 for
GaNxAs1−x several diﬀerent values of nitrogen composition x.
It has been previously shown that use of this full distribution of N states can
9 Masoud Seifikar
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Figure 2.2: Calculated distribution of localised LCINS states, weighted by their
interaction |vj |2/Nc for each state, versus their energies respect to the conduction
band edge of the host semiconductor, for GaNxAs1−x with x = 0.21, 0.5, 1.2 and
2.0%. Each energy level is broadened to a Gaussian of width 1 meV [13].
account very successfully for the non-monotonic variation of electron band edge
mass with N composition x [25] and with hydrostatic pressure [26, 27], as well
as the anomalous behaviour of the electron gyromagnetic ratio as a function of
composition x [28] and the conduction band density of states projected onto the
GaAs host matrix states [29]. It should therefore also provide a good description
of the conduction band dispersion. In later chapters of this thesis we will employ
the LCINS model, which includes a full distribution of N states, as well as the
BAC model to investigate the density of states and transport properties for a
range of dilute nitride alloys.
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2.2.3 Green’s function method
Because the “localised” N states in GaNxAs1−x are degenerate with the host CB
matrix states, it should be expected that they behave as resonant states, with an
associated resonant broadening. This broadening is omitted in the BAC model
but can be considered by using the many impurity Anderson model.
In the many impurity Anderson model, the Hamiltonian for a set of localised
N states interacting with the host matrix conduction band states can be written
as
H = H0 + V, (2.2)
where H0 is a sum of two terms describing the energies of extended and localised
states, labeled by wave vector |k〉 and position vector |j〉
H0 =
∑
k
Ek|k〉〈k|+
M∑
j=1
Ej |j〉〈j|, (2.3)
where Ek and Ej are the energies of the host matrix CB states with wave vector
k, and of the j-th N state, respectively. The interaction between extended and
localised states is given by
V =
∑
k,j
1√
Nc
[
Vkje
ik.Rj |k〉〈j|+ V ∗
kje
−ik.Rj |j〉〈k|
]
, (2.4)
where Nc is the number of primitive cells in the system, Rj is the position of
the j-th N atom, and Vkj is describing the interaction between the j-th N state
and the k-h host matrix state. It can be assumed that the k dependence of the
interaction term is weak, and so it can be written as Vj [30]. Assuming all the
localised states have the same energy and using Anderson’s many-impurity model
in the coherent potential approximation [31], Wu et al. [18] derived the solutions
of the Hamiltonian in Eq. (2.2) in terms of the Green’s function
Gkk =

E − Ek − β
2x
E − EN − i∆N


−1
, (2.5)
where ∆N=ηπβ2D0(EN) is the broadening of EN in the single-impurity Anderson
model, and D0(EN ) is the unperturbed density of states at EN . In this approx-
imation, they used a prefactor η where value was chosen by comparison with
absorption coeﬃcient measurements to be η = 0.22. Including the broadening
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∆N , Eq. (2.1) becomes
∣∣∣∣∣∣
EN(x) + i∆N −E VNc
VNc Ek(x)−E
∣∣∣∣∣∣ = 0. (2.6)
When ∆N = 0, the eigenvalues of this equation are given by
E±(k) =
1
2
[
Ek + EN ±
√
(Ek − EN)2 + 4V 2Nc
]
, (2.7)
where E− and E+ are the lower and upper conduction sub-bands, respectively. For
nonzero broadening ∆N , Eq. (2.6) has complex eigenvalues that can be written
as E± + iΓ±, where E± and Γ± are the real and imaginary parts of the energy
calculated by replacing EN by EN + i∆N in Eq. (2.7).
Vaughan and Ridley [32, 33] generalised this method to include additional
nitrogen clusters such as N-N pairs sharing a nearest neighbour Ga ion, and
derived the Green’s function Gkk for the more general case as [30]
Gkk =

E − Ek − 1Nc
∑
j
|Vj|2
E −Ej + i∆j


−1
, (2.8)
where Ek and Ej are the energies of the extended host semiconductor and localised
nitrogen states, respectively, Vj is the host conduction band interaction energy
with the impurity levels j, and Nc is the number of primitive cells in the system.
Vaughan and Ridley [34] calculated the density of states of GaNAs from the
imaginary part of the Green’s function, assuming that the energy broadening ∆j
is constant and the same for all N levels Ej . Vogiatzis and Rorison [35, 36] have
also studied the band structure and the density of states of bulk, quantum well
and quantum wire GaInNAs, using Matsubara Green’s function method.
In Chapter 4 of this thesis, we modify this method by calculating ∆EN as
the imaginary part of the energy shift using second order perturbation theory.
We will also consider the real part of the energy shift as a shift in the localised
state energies, dEN . Then in Chapter 5 we further modify the Green’s function
(GF) method by introducing energy dependent broadening parameters, ∆Ej(E),
calculated by a Self-Consistent Green’s Function (SCGF) approach, where the
real and imaginary parts indicate the shift in energy, and broadening, respectively,
of localised states. We ﬁrst calculate an energy-dependent broadening ∆Ej(E)
using a self-consistent Green’s function method and then investigate the eﬀect of
the energy dependent broadening on the calculated DOS of GaNAs.
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2.3.1 Carrier mobility
It has been observed that the introduction of small amount of N into III-V mate-
rials, not only perturbs the CB of the host semiconductor, but also signiﬁcantly
reduces the mobility of carriers [37–41]. Compared to the room temperature value
of about 8000cm2(Vs)−1 expected for GaAs, Skierbiszewski et al. [41] measured
the mobility of GaN0.014As0.986 to be 400cm2(Vs)−1 at 295 K. Young et al. [42]
measured the mobility of GaNxAs1−x for several N concentrations from 0.01%
up to 1.3% for carrier concentrations of (5− 7)× 1018 cm−3. For x = 0.4% and
x = 1.3%, they reported µ = 187 cm2(Vs)−1 and 165 cm2(Vs)−1, respectively.
Ishikawa et al. [43] measured the mobility of GaNxAs1−x for x=0.8, 1.7 and 2.2%
with several carrier concentrations. For x=0.8%, they measured µ=413, 208 and
89 cm2(Vs)−1 for n=(0.1, 1.0 and 5.1) × 1018 cm−3 , respectively. Their mobil-
ity for x=1.7% at n=5.3 × 1017 cm−3 was 185 cm2(Vs)−1. Reason et al. [44]
have also measured mobility of Si-doped GaNxAs1−x for several N concentrations
from 0.01% up to 2% (n=(0.3 − 1) × 1018). Their value for x=0.1%, is around
600 cm2(Vs)−1 and for x=0.5 and 1.2% they measured µ=300 and 200 cm2(Vs)−1
respectively. Fig. 2.3 shows the compilation of mobility values measured for
GaNxAs1−x samples, along with theoretical estimation of the mobility which are
discussed further below.
In a ﬁnal estimate of the mobility in GaNAs, Fahy and O’Reilly [45, 46], using
S-matrix theory, calculated the scattering cross-section for an isolated impurity
as
σ =
π
4
(
m∗
2π~2
)2 [dEc
dx
]2
a60, (2.9)
where a0 is the GaAs lattice constant, m∗ is the electron eﬀective mass and
dEc/dx is the derivative of the band edge energy with respect to the N concen-
tration x. In the two-band model, assuming all localised states have the same
energy, EN , they estimated that the n-type carrier mobility is given by
µ =
√
3m∗kBT
e
π
(
m∗
2π~2
)2 [dEc
dx
]2
a30x, (2.10)
where e is the magnitude of the electron charge, kB is Boltzmann’s constant
and T is the absolute temperature. For x = 1%, Eq. (2.10) gives a mobility
around 1000 cm2(Vs)−1, at room temperature. This value is comparable to the
highest measured mobility in high-quality GaInNAs samples. This mobility is
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substantially less than the ideal mobility of GaAs at room temperature.
Later, Fahy and O’Reilly [47] generalised Eq. (2.10) to include N-N pair and
higher cluster of N distribution, in an independent scattering approximation, as
µ =
√
3m∗kBT
e
π
(
m∗
2π~2
)2∑
j
[
dEc
dxj
]2
a30xj , (2.11)
where xj is the concentration of the j-th environment. They concluded that
including the N-N pair has a relatively small eﬀect on the mobility, reducing the
calculated values by less than 10%, compared to the two-band model, where all
N atoms are treated independently. They proposed that the eﬀects of nitrogen
clusters on the mobility may in general be small when the clusters are distributed
uniformly through the alloy. They [47] also suggested that the mobility has a very
weak temperature dependence in the range 100−300 K, due to the increase in the
scattering cross-section at low temperature as the conduction band edge comes
closer to the nitrogen resonance levels.
Vaughan and Ridley [34] also calculated the bulk mobility for GaNxAs1−x for
the case of isolated N and N-N pair environments. In this work they ignored the
details of the N distribution, and also did not consider polar optical, impurity
and defect scattering, scattering mechanism that were included in their later
work [49] for calculating the Hall mobility. These assumptions led to a higher
mobility value compared with those calculated by Fahy et al. [47], and an order
of magnitude higher than the highest measured values.
The dashed line in Fig. 2.3 shows the estimated variation of the room tem-
perature electron mobility with x in GaNxAs1−x, calculated using the two-level
band-anticrossing model for GaNxAs1−x [9, 45], which assumes all N resonant
defect states to be at the same energy EN . The electron mobility is estimated
to be of order 1000 cm2(Vs)−1 when x=1%, of similar magnitude to the highest
values observed to date in dilute nitride alloys [50] but larger than that found in
many samples, where µ ∼ 100− 300 cm2(Vs)−1, as shown by the data points in
Fig. 2.3 (following [12, 44]). In practice, there is a wide distribution of N reso-
nant state energies in GaNxAs1−x, associated with N-N nearest-neighbour pairs
and clusters [24, 51], with a signiﬁcant number of these defect levels calculated
to be close to the conduction band edge. The lower lines in Fig. 2.3 shows the
calculated mobility when scattering associated with the LCINS distribution of
defect levels is included. It can be seen that inclusion of this full distribution can
largely account for the low measured electron mobility in this alloy system.
The intrinsically low electron mobilities in dilute nitride alloys have signiﬁcant
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Figure 2.3: Data points: measured variation of electron mobility with N com-
position x in GaNxAs1−x (from [12]). The uppermost dashed line shows the
calculated mobility, assuming scattering by isolated N atoms only (Eq. (2.10))
while the lower lines show the calculated mobility assuming a distribution of N
states [13] and carrier density of 1×1017 cm−3 and 1×1018 cm−3 (grey and black
triangles respectively), (following [48]).
consequences for potential device applications. The low electron mobility, com-
bined with the short non-radiative lifetimes observed to date, limit the electron
diﬀusion lengths and eﬃciency achievable in GaInNAs-based solar cells. Fur-
ther eﬀorts may lead to increased non-radiative lifetimes, but are unlikely to see
signiﬁcant further improvements in the alloy-scattering-limited mobility [50].
2.3.2 Resonant scattering
The rate of transition from an initial occupied state |ψi〉 to an empty ﬁnal state
|ψf〉 can be calculated from time-dependent perturbation theory, and is given by
Fermi’s Golden Rule as
R(i→ f) = 2π
~
|〈ψi|∆H|ψf〉|2D(Ef), (2.12)
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where ∆H in the matrix element is the perturbation to the Hamiltonian due to
the scattering mechanism, |ψi〉 and |ψf〉 are both eigenstates of the unperturbed
Hamiltonian H0, the density of ﬁnal states is D(Ef ) and Ef = Ei for elastic
scattering.
In a further work, Fahy et al. [13] developed a model based resonant scattering
for LCINS nitrogen distribution and Fermi’s golden rule. Within the Lorentzian
approximation for the line shape for the weight of localised states the scattering
rate for carriers at energy E due to a N resonant state at energy EN is given by
R(E) =
2π
~Nc
β4
(E −EN )2 +∆2
D(E)
Nc
, (2.13)
where Nc is the number of group-V atoms in the system and β deﬁnes the in-
teraction strength [13]. Here ∆ = πβ2D(EN)/Nc is the imaginary part of the
energy, and D(E) is the density of states for the parabolic conduction band at
energy EN . Using an n-band Hamiltonian based on Anderson’s many impurity
model, Vaughan and Ridley [34] also derived an expression similar to Eq. (2.13)
for the N scattering rate.
Using the LCINS distribution of N states, shown in Fig. 2.2, we can calculate
the scattering rate due to this distribution of states. Fig. 2.4 shows the calculated
energy dependence of the scattering rate for several diﬀerent N compositions, with
the zero of energy in each case is taken to be at the bottom of the GaNAs con-
duction band (equivalent to setting the lower eigenvalue of Eq. (3.1) as the zero
of energy). Using the scattering rate given by Eq. (2.13) and the Boltzmann
transport equation in the relaxation-time approximation, Fahy et al. [13] calcu-
lated the electron mobility for bulk and quantum well GaNAs alloys (shown by
the lower lines in Fig. 2.3). Nitrogen cluster states are found to dominate the
scattering near the conduction band edge and play a crucial role in limiting the
electron mobility.
We will employ these resonant scattering rates in Chapter 6 to calculate the
total scattering rate and drift velocity of carriers using the Boltzmann trans-
port equation. However, in Chapter 7 we will modify the method of calculating
resonant scattering rate using self-consistent Green’s function method.
2.4 High field transport
The unusual band structure and strong scattering eﬀects of N states led to a
number of interesting proposals concerning high ﬁeld transport in dilute nitride
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Figure 2.4: Scattering rate due to the distribution of N resonant states in
GaNxAs1−x for selected values of x.
alloys. It was proposed by Adams [14], that the strong perturbation by N states,
leading to a band gap above EN in the BAC model, would limit the ability of
electrons to gain higher energy from an applied electric ﬁeld, and therefore the
impact ionization coeﬃcient could decrease for electrons. Because the valence
band is largely unchanged, the hole impact ionization coeﬃcient should not be
aﬀected by the addition of nitrogen and therefore the suppression of electron
multiplication should allow the production of low-noise avalanche photodiodes
(APDs) using these materials. This proposal motivated some of the work reported
in Chapter 6 in this thesis.
Measurements to date have shown that there are diﬀerences in the behaviour
of GaNAs and conventional APDs, but that there is no signiﬁcant suppression of
the electron multiplication rate [52]. This experimental result is consistent with
Green’s function calculations using the LCINS model, where including the full
distribution of N levels tends to ﬁll the gap observed in the BAC density of states.
Patanè et al. [15, 22, 53–55] predicted and observed a strong negative diﬀer-
ential velocity (NDV) eﬀect at high electric ﬁelds for x = 0.1% in GaNxAs1−x.
They analysed theoretically the behaviour of carriers in high electric ﬁelds by
solving dynamical balance equations [56]. This simple model neglects the energy
distribution of electrons and energy dependence of resonant N scattering. In or-
der to simplify the model, they also approximated the electron eﬀective mass by
an analytical expression that is ﬁtted to the mass at the bottom of the GaAs CB.
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The model predicted that NDV should persist and remain signiﬁcant at higher
N compositions, contrary to later experiments by Sun et al. [57] for GaInAsN
quantum wells with x = 1.0% and x = 1.5%. Our analysis in Chapter 6 shows
that the NDV is indeed possible at very low N composition (x ≈ 0.1%), but does
indeed become suppressed at higher N compositions, as N pair and cluster states
start to have a signiﬁcant impact on the low ﬁeld mobility.
In order to develop a more sophisticated approach to calculate hot electron
transport, we need to calculate scattering rates, carrier group velocity and density
of states for all values of wave vector k. This limits the usefulness of the simple
BAC model that predicts a gap in the CB, and is not well behaved near the N
state energy EN . Vaughan and Ridley [32] derived an analytical function for the
DOS that remains well-behaved around the nitrogen complex energy level and
that can be used in high ﬁeld calculations.
Therefore, Sun et al. [57] performed a study of hot electron momentum relax-
ation in Ga0.7In0.3As1−xNx quantum wells (with x = 1.0% and x = 1.5%), and
observed that the high ﬁeld drift velocity saturates at 1 × 105 m/s with no evi-
dence of NDV. Their simple model based on nondrifting hot phonons conﬁrmed
this behaviour. However in this model, they ignored the nonparabolicity of the
CB of the host semiconductor and only included optical scattering and an elastic
scattering mechanism, ﬁtted to the low ﬁeld mobility measurements.
Recent Monte Carlo calculations by Vogiatis and Rorison investigated the
drift velocity variation with electric ﬁeld in GaNAs samples with very low N
composition (x ≤ 0.2%) [16, 58]. These calculations conﬁrm a NDV at these
low N compositions, but these authors did not undertake any detailed theoretical
analysis of GaNAs samples with higher N composition (x ∼ 1− 2%).
In Chapter 6 we will solve the steady-state Boltzmann transport equation in
bulk GaNxAs1−x. Two diﬀerent models of the conduction band structure will be
studied to investigate the behaviour of electrons with increasing electric ﬁeld in
these alloys: (1) carriers in parabolic Γ and L bands are scattered by resonant
nitrogen substitutional defect states, polar optic and acoustic phonons, and in-
tervalley optical phonons; (2) carriers, constrained in the lower band of the band-
anti-crossing (BAC) model, are scattered by phonons and by nitrogen states. We
consider scattering both by isolated N atoms and also by a full distribution of
N states presented by the LCINS approach (Fig. 2.4). For both models, we will
calculate carrier distribution, mobility and drift velocity. Detailed motivation for
the diﬀerent models is given in Chapter 6.
Dilute Nitride Semiconductors 18
2.5 Summary
2.5 Summary
In this chapter we presented an overview of the relevant background to the theory
of the band structure, scattering and high ﬁeld transport that we will study in
this thesis. In the following chapters we begin in Chapter 3 by modifying and
developing the BAC and Green’s function models explained in § 2.2. Then we
will compare the results of these models to supercell calculations in Chapter 4.
In Chapter 5 we will study the band structure and the density of states using
the self-consistent Green’s function method. Following this investigation of the
electronic structure, we will then examine scattering mechanisms and high ﬁeld
transport in GaNAs dilute nitride alloys in Chapter 6, where we also compare
our results with the previous studies mentioned in sections 2.3 and 2.4. We then
introduce in Chapter 7 a more sophisticated method to study the band structure,
mobility and scattering by ﬁnding the poles of Green’s function method. We
compare the results of this method both with our methods presented in the
chapters of this thesis, as well as the results of other authors. We conclude that
this more sophisticated method addresses some of the issues in earlier works, but
also raises interesting questions which we do not fully resolve regarding the carrier
mean free path in dilute nitride alloys. We then return in chapter. 8 to use the
BAC and LCINS models to investigate how optical absorption spectra should
vary with N composition in diﬀerent dilute nitride alloys. We conclude that the
absorption spectra are well described using the LCINS model, but we note that
the variation between diﬀerent experimental measurements in similar samples
make quantitative comparison diﬃcult. Finally we summarise our conclusions
and give an overview of possible future directions in Chapter 9.
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Chapter 3
Band anti-crossing model
3.1 Introduction
As we saw in Chapter 2, the rapid reduction in energy gap in GaNxAs1−x with
increasing x, is well explained in terms of a band-anticrossing (BAC) interaction
between the GaAs host matrix conduction band (CB) edge and a set of N res-
onant defect levels above the CB edge [9]. The BAC model predicts an energy
gap in the CB dispersion of GaNAs, above the N resonant state energy, which
makes it diﬃcult to investigate carrier transport in dilute nitride alloys such as
GaNAs. However, the density of states (DOS), measured [29] and calculated
using a Green’s function method [34, 35], indicates a ﬁlling of this gap.
In this chapter, we give more detail of some modiﬁcations to the BAC model
for GaNAs alloys. First in § 3.2 we include N broadening eﬀects by considering a
complex N energy. We also consider the shift in the N state due to the interaction
with the host semiconductor CB. We show how this model can be used to calculate
the fractional Γ character, the DOS and the band dispersion for this model, where
the fractional Γ character of a given state describes the properties of the state
which projects onto the host matrix extended states. In § 3.3 we will extend
this model to include N-N pair states and to consider their consequences on the
DOS and the band dispersion in GaNxAs1−x. Finally in § 3.4 we consider the
full distribution of localised states given by the LCINS approach, and study their
impact on the DOS and band structure of dilute nitride alloys in a modiﬁed BAC
model.
21
3. Band anti-crossing model
3.2 Two-level BAC model
The band anticrossing model was introduced by Shan et al. [9] to explain the
properties of III-V dilute nitrides and other mismatched alloys. The BAC model
describes the electronic structure of dilute nitride material by considering the
interaction between the de-localised states of the host semiconductor and localised
impurity states. It is well known that an isolated N atom introduces a localised
state with energy level EN in conventional III-V materials [8].
Here we modify the BAC model, given by Eq. (2.1), to include both the broad-
ening of nitrogen states and the shift in their energy due to their interaction with
the CB states. We see that this modiﬁed BAC model is straightforward to im-
plement and gives the same results to those previously obtained by Vaughan and
Ridley [32, 33] and Vogiatzis and Rorison [35, 36] using the Green’s function (GF)
model. In order to implement this modiﬁcation, the Hamiltonian of GaNxAs1−x
can be written as
H =

 Ek VNc
VNc E
′
N + i∆N

 , (3.1)
where Ek=Ec+~2k2/(2m∗) is the GaAs conduction band energy, E ′N = EN+∆EN
is the shifted nitrogen state energy, ∆N is the broadening of the nitrogen states, ~
and k are the reduced Planck constant and wavevector, respectively; m∗=0.067m0
is the GaAs eﬀective mass, and m0 is the free electron mass. In this chapter, all
energies are referenced to the GaAs conduction band (CB) edge energy Ec. The
coupling matrix element VNc between the nitrogen and CB states depends on
nitrogen concentration x, as VNc=βx1/2 [6, 10], where we choose here β=2.0 eV
as the interaction parameter [6].
The N energy, E ′N in Eq. (3.1) diﬀers by ∆EN from the original N energy EN ,
that in this thesis we take EN = 0.23 eV. This is because the interaction with
the CB states shifts the mean N energy. This energy shift can be calculated from
second order perturbation theory as [13, 59]
∆EN =
∫ Emax
0
|〈k|V |j〉|2
E − EN D(E)dE. (3.2)
This shift is aﬀected by the maximum energy, Emax, that is assumed for the
conduction band dispersion.
Moreover, the magnitude of the imaginary part of the N energy, ∆N , has
been estimated using the Green’s function method and second order perturbation
Dilute Nitride Semiconductors 22
3.2 Two-level BAC model
−1.5 −1 −0.5 0 0.5 1 1.5
x 109
−0.1
0
0.1
0.2
0.3
0.4
k (1/m)
E 
(eV
)
E
+
E
−
Ek
E’N
Figure 3.1: Energy-wavevector dispersion relation for E− and E+ for GaNxAs1−x
with x = 0.5% (solid red line), calculated using Eq. (3.1). The broadening of
the dispersion curves (green areas) illustrates the energy uncertainties. All the
energies are referenced to Ec, the bottom of the conduction band of GaAs.
theory as [13]
∆N = πβ2D(E ′N)/Nc =
(2m)3/2a30
16π~3
β2(E ′N )
1/2. (3.3)
Here a0, and Nc are the cubic lattice constant for GaAs, and number of group V
atoms in the system respectively, while D(E ′N) is the GaAs density of states at
E ′N .
The energies of the upper and lower conduction subbands, denoted by E+ and
E−, are given by the eigenvalue equation as
E±=
E ′N + i∆N + Ek
2
±
√
(E ′N + i∆N −Ek)2 + 4V 2Nc
2
. (3.4)
The solid red lines in Fig. 3.1 exhibit the lower and upper bands in the absence
of N broadening (∆N = 0), for GaNxAs1−x with x = 0.5%. In this plot, we have
considered the shift in EN due to the interaction with a conduction band with
maximum energy Emax = 0.86 eV, that gives ∆EN = −13.3 meV. The energy
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uncertainties can be obtained for non-zero ∆N as ER± ± EI±, where ER± and
EI± are the real and imaginary parts of E±, respectively. The green areas in
Fig. 3.1, represent this broadening of the dispersion relations. It is seen that the
energy broadening has its minimum value at the bottom of the lower band and
increases towards its maximum value as it approaches the N state energy EN . In
the upper band this energy uncertainty starts with its maximum at the bottom
of the band and decreases towards zero by distancing from EN .
3.2.1 Fractional Γ character
It can be useful both for optical and transport analysis to know the fraction of
each state, fΓ, which has host matrix extended state character. Using the 2-level
band anticrossing model, the Hamiltonian of the system can be written as

 Ec(x) + ~
2k∗2
2m∗
VNc
VNc E
′
N + i∆N



 αk
αN

 = E

 αk
αN

 , (3.5)
and therefore we have
[
Ec(x) +
~
2k∗2
2m∗
]
αk + VNcαN = Eαk, (3.6)
and
VNcαk + [E ′N + i∆N ]αN = EαN . (3.7)
Rearranging this equation we have:
αN = αk
VNc
E − E ′N − i∆N
. (3.8)
Multiplying Eq. (3.8) by its complex conjugate gives
|αN |2 = |αk|2 V
2
Nc∣∣∣E − E ′N ∣∣∣2 +∆2N
. (3.9)
The normalisation condition implies
|αk|2 + |αN |2 = 1, (3.10)
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and therefore |αk|2, which we deﬁne as the fractional Γ, fΓ, character is given by
fΓ = |αk|2 =

1 + V 2Nc∣∣∣E −E ′N ∣∣∣2 +∆2N


−1
. (3.11)
3.2.2 Density of states
We can deﬁne the nonparabolicity factor γ(E) for a given band dispersion as
γ(E) =
~
2k2
2m∗
, (3.12)
where for the 2-band BAC model given by Eq. (3.1), γ(E) is
γ(E) = E − Ec − V
2
Nc
E − (E ′N + i∆N)
. (3.13)
We consider now the 3D density of states for a supercell of size L3, which can be
calculated for energy E in the BAC model as
D(E) =
L3
2π2
k2
dE/dk
. (3.14)
The DOS projected onto the Γ valley (host CB) states, Dcb(E), can be obtained
by multiplying D(E) by fΓ for each k value, and is given by the real part of
Dcb(E) =
(2m∗)3/2L3
4π2~3
[
E − Ec − V
2
Nc
E − (E ′N + i∆N )
]1/2
(3.15)
=
(2m∗)3/2L3
4π2~3
γ1/2(E).
For VNc = 0, we recover the usual GaAs DOS
DGaAs(E) =
(2m∗)3/2L3
4π2~3
(E − Ec)1/2. (3.16)
If we denote the real and imaginary parts of γ(E) by Θ(E) and Φ(E), respectively,
Eq. (3.15) can then be written as
Dcb(E) =
m∗3/2
2π2~3

Θ(E) +
(
Θ2(E) + Φ2(E)
)1/2
1/2
, (3.17)
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Figure 3.2: The density of states versus energy for GaNxAs1−x, with x = 0.2%
calculated for the 2-level BAC model, with and without including the N broad-
ening where shown by the solid blue and dashed red lines, respectively. The
dash-dotted green line shows the DOS of GaAs (x = 0).
where the real part of γ(E) is
Θ(E) = E − Ec − V
2
Nc(E − E ′N)
(E −E ′N )2 +∆2N
, (3.18)
and its imaginary part is given by
Φ(E) = − V
2
Nc∆N
(E −E ′N )2 +∆2N
. (3.19)
Eq. (3.17) is very similar to the DOS calculated by Vaughan and Ridley [34]
using the Green’s function method. In this method the DOS is given by
Dcb = −1
π
∑ℑ[Gkk(E)], (3.20)
where Gkk(E) is the Green’s function given for instance by Eq. (2.5). The Green’s
function in terms of Θ(E) and Φ(E) can be written as
Gkk =
[
Θ(E)− Ek − iΦ(E)
]−1
, (3.21)
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with its imaginary part then given by
ℑ[Gkk] = Φ(E)
(Θ(E)− Ek)2 + Φ(E)2
. (3.22)
Figure 3.2 compares the DOS of GaN0.002As0.998, calculated by the simple BAC
model (∆N = 0) and the BAC model including the nitrogen states broadening
calculated by Eq. (3.3) (∆N = 16 meV). The dash-dotted green line in this plot
displays the DOS of GaAs in the absence of N. It is clear that introducing N atoms
in GaNAs pushes the conduction band edge (CBE) to lower energies. The usual
BAC model predicts a gap in the DOS as shown by the dashed red line in this
ﬁgure. However, including broadening of the localised states caused this gap to
be ﬁlled in. Although this is in agreement with Green’s function calculations [34]
and experimental studies [29], we will see later in Chapter 5 using a self-consistent
Green’s function model that the gap should not be ﬁlled in a 2-level model, but
is rather ﬁlled in experimental measurements due to the distribution of N states
in actual samples.
3.2.3 The DOS projected to a single k state
In the BAC model the DOS projected onto a single k state, can be calculated as
Dp=d− + d+ where
d± =
|α±|2
π
∆±
(E −Ep±)2 +∆2±
, (3.23)
where Ep± = ℜ[E±] and ∆± = ℑ[E±] are the real and imaginary parts of E±
calculated from Eq. (3.4) and the fractional Γ character, α±, is given by the ﬁrst
coeﬃcient of the corresponding normalized eigenvector. Eq. (3.23) is equivalent
to −(1/π)ℑ[Gkk(E)] in the Green’s function approach, where ℑ[Gkk(E)] is given
by Eq. (3.22). Fig. 3.3 shows the DOS, Dp, projected onto single momentum
states k, for all ranges of energy E and wavevector k. It is seen that the band is
split strongly into two bands, so that for instance the DOS projected onto a state
with k = 0 has a large peak below the GaAs CBE and another small peak about
E = 0.25 eV. However between the two peaks the DOS has always a nonzero
value, meaning that the lower and upper bands, in this model, are connected via
the overlap of the DOS of individual states. By increasing the GaAs CB state
energy, both peaks appear at higher energies, but the Γ character of lower one
decreases while that of the upper one increases.
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Figure 3.3: The Density of states projected onto selected GaAs |k〉 states, for all
k-states calculated using the BAC model for GaNxAs1−x with x = 0.5%.
3.2.4 The band dispersion
Figure 3.4 shows the conduction band dispersion for GaN0.005As0.995, calculated
using Eq. (3.23). Actually this ﬁgure is a top view of Fig. 3.3. It can be seen that
the band dispersion follows that of the BAC model of Eq. (3.1) (dashed white
line in Fig.3.4), but with two notable diﬀerences. Firstly, the dispersion at each k
point is broadened over a range of energy values, with the broadening increasing
close to the nitrogen resonant state energy, EN . Secondly, the k character of
the states in the lower band decreases towards zero with increasing k value, as
the band approaches EN . (This also occurs but has generally been ignored in
analyses based on the BAC model.)
The energy broadening in Fig. 3.4 in principle allows a means for electrons
which are being accelerated in the lower band to scatter into the upper band.
However, we will see later that such a distribution of states should not be ex-
pected in the 2-level BAC model when using a self-consistent Green’s function
approach [60].
Dilute Nitride Semiconductors 28
3.3 Three-level BAC model
Figure 3.4: Energy-wavevector dispersion relation in the two-band BAC model
for GaNxAs1−x with x = 0.5, while each k states is broadened by its DOS.
3.3 Three-level BAC model
The BAC model successfully describes many of the electronic properties of GaNAs
alloys. However, as mentioned earlier in § 2.2, theoretical and experimental stud-
ies show a range of resonant defect levels close to the CBE in GaNxAs1−x, due
to the formation of N complexes which are ignored in the conventional BAC
model. Experimental studies of dilute nitride alloys with very low N concen-
trations, have shown a range of resonant defect levels above the CBE due to the
formation of N complexes. These include, for instance, the pair N-N states, where
a Ga atom has two N neighbours, that gives a resonant defect level close to the
CBE of GaAs [7, 61, 62]. The empirical pseudopotential calculation by Kent et
al. [51, 63] and tight-binding studied by Lindsay and O’Reilly [11] have found
similar nitrogen resonant states.
Healy et al. [21] investigated the eﬀect of N-N pairs by introducing a three-level
BAC model, incorporating isolated and pair N states and their interactions with
the host semiconductor CB level. In this model the Hamiltonian for GaNxAs1−x
is given by
H =


ENN (x) 0 VNNc(x)
0 EN (x) VNc(x)
VNNc(x) VNc(x) Ec(x)

 , (3.24)
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Figure 3.5: Energy-wavevector dispersion relation in 3-band BAC model for
GaNxAs1−x for diﬀerent values of x.
where the energies of the isolated N level EN , N-N pair state ENN , and the
conduction band Ec, are obtained from
ENN(x) = ENN0 − αNx, (3.25)
EN(x) = EN0 − αNx, (3.26)
Ec(x) = Ec0 − αcx+ ~
2k2
2m∗
, (3.27)
where m∗ is the eﬀective mass of the host semiconductor, and the interaction
parameters VNc and VNNc also vary with composition x as
VNNc(x) = βNN
√
xNN , (3.28)
VNc(x) = βN
√
xN , (3.29)
where xN and xNN are the concentrations of single and pair states of nitrogen,
respectively, and are determined by
xNN = 6x
2 and xN = x− 2xNN . (3.30)
The parameters we have chosen are [21]: EN0 = 1.706eV , ENN0 = 1.486eV ,
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Ec(GaAs) = 1.519eV , βNN = 2.69eV , βN = 1.97eV , αc = 2.1eV and αN =
0.22eV .
Figure 3.5 shows the calculated wavevector dependence of energy for
GaNxAs1−x for x = 0.2% and 1.0%. We see that by increasing the nitrogen
concentration x, the energy of the lowest conduction band shifts to lower val-
ues, the middle band width reduces slightly, and the upper band shifts to higher
energies.
Healy et al. [21] showed that for low temperatures, at low N composition
(x = 0.1− 1.0%) the band dispersion can be well described using a 3-level BAC
model, while at higher concentrations the eﬀects of longer-range N-N interactions
need also to be considered [35].
However, the three-level BAC model given by Eq. (3.24) does not include the
N state broadening and shift. In order to modify Eq. (3.24) we can replace EN
and ENN by E ′N +∆N and E
′
NN + ∆NN , respectively. Here, E
′
N = EN +∆EN ,
where ∆EN and ∆N are given by Eqs. (3.2) and (3.3), respectively. In a similar
way the shift, ∆ENN for the pair N-N states is given by
∆ENN =
∫ Emax
0
|〈k|V |j〉|2
E −ENN D(E)dE, (3.31)
and the broadening is given by
∆NN = πβ2D(E ′NN)/Nc =
(2m)3/2a30
16π~3
β2(E ′NN)
1/2. (3.32)
3.3.1 The DOS in the 3-level model
The density of state in the three-level BAC model, including the N broadening,
can be calculated by Eq. (3.17) but we need to add terms corresponding to N-N
pairs to Eq. (3.18) and Eq. (3.19) as
Θ(E) = E −Ec − V
2
Nc(E − E ′N)
(E − E ′N)2 +∆2N
− V
2
NNc(E − E ′NN )
(E − E ′NN)2 +∆2NN
, (3.33)
and
Φ(E) = − V
2
Nc∆N
(E − E ′N)2 +∆2N
− V
2
NNc∆NN
(E − E ′NN )2 +∆2NN
. (3.34)
The red line in Fig. 3.6 displays the calculated DOS for GaNxAs1−x with x = 0.5%
in the 3-band model, including localised state broadening. The energy shift and
broadening of isolated N and pair N-N states are calculated using Eqs. (3.2),
(3.3), (3.31) and (3.32), respectively, as: ∆N = 15.6 meV, ∆EN = −12.8meV,
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Figure 3.6: The comparison of the DOS for GaN0.005As0.995 in the 2-band and
3-band models.
∆NN = 6.5 meV, ∆ENN = −34.5 meV.
The dashed blue line in this plot shows the DOS calculated in the 2-band
model. We see that the inclusion of N-N pair shifts the CBE to slightly lower
energy, and also around the N-N pair energy, ENN , the DOS deviates from the
DOS predicted by the 2-band model. As the N-N pair energy is close to the GaAs
CBE, inclusion of such states can have a signiﬁcant eﬀect on carrier transport
calculations, as we will discuss later in Chapter 6.
3.3.2 Band dispersion in the 3-level model
Moreover, the DOS projected onto each single momentum state can be given by
Eqs. (3.23), (3.33) and (3.34). Having calculated this DOS for all k states we can
plot the band dispersion. Fig. 3.7 shows the dispersion relation of GaN0.005As0.995
in the three level BAC model, when each k state in broadened by its DOS, given
by Eq. (3.23). Overall the behaviour is similar to what we saw in the 2-band
model, but here we have another gap related to N-N pair states.
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Figure 3.7: Energy-wavevector dispersion relation in the three-band BAC model
for GaNxAs1−x with x = 0.5%, while each k states is broadened by its DOS.
3.4 The LCINS model
The two and three level models are however oversimpliﬁed, because they omit the
detail of the distribution of N states which are present in actual GaNAs samples.
We can extend these models to consider a distribution of N states. In the LCINS
model we consider n nitrogen states with energy Ej in a volume containing Nc
group V atoms. The Hamiltonian for this (n+1)-state model can be written as
H =


Ek(x) V1/
√
Nc V2/
√
Nc · · · Vj/
√
Nc
V1/
√
Nc E
′
1 +∆1 0 · · · 0
V2/
√
Nc 0 E ′2 +∆2 · · · 0
...
... · · · . . . · · ·
Vj/
√
Nc 0 0 · · · E ′j +∆n


(3.35)
where Vj/
√
Nc is the interaction and E ′j = Ej + ∆Ej represents the energy of
the jth localised state, with broadening ∆j , that in a similar way to § 3.3 can be
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Figure 3.8: The density of states for GaNxAs1−x with x = 0.1%, 0.5% and 2.0%,
calculated using the Green’s function and the full LCINS distribution of N state
energies.
calculated from
∆j = πβ2D(E ′j)/Nc. (3.36)
Also the shift in the localised state energy is given by
∆Ej =
∫ Emax
0
|〈k|V |j〉|2
E − Ej D(E)dE. (3.37)
We can then solve the Hamiltonian of Eq. (3.35) including the distribution of N
states in the LCINS approach [13], as discussed in § 2.2.2. In this thesis we use
the LCINS distribution calculated by Lindsay, O’Reilly and Fahy [11, 17], as
shown in Fig. 2.2 for selected N concentrations.
3.4.1 The DOS in the LCINS model
The DOS projected onto the host semiconductor CB states can be found using
Eq. (3.17), or equivalently using Eq. (3.20), with Θ(E) given by
Θ(E) = E − V
2
j
Nc
∑
j
(E − E ′j)
(E − E ′j)2 +∆2j
, (3.38)
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Figure 3.9: Dispersion relation for GaNxAs1−x with x = 0.5%, calculated using
the Green’s function and the full distribution of N state energies.
and its imaginary part given by
Φ(E) = −V
2
j
Nc
∑
j
∆j
(E −E ′j)2 +∆2j
. (3.39)
Figure 3.8 shows the DOS calculated using the LCINS approach for GaNxAs1−x
with x = 0.1%, 0.5% and 2.0%. It is seen that the dips just above the isolated
N state energies are smaller than in the 2 and 3-level models. Also, the higher N
composition pushes the CB minimum to lower energies. In addition a shoulder
can be observed in the DOS at lower energy, particularly in the 0.5% case, due
to the increasing number of N pair states as the composition increases.
3.4.2 The band dispersion in the LCINS model
Having calculated the DOS projected onto all k states, we can plot the dis-
persion relation in the LCINS model. Fig. 3.9 displays the band dispersion
of GaN0.005As0.995 calculated using the LCINS approach and the Green’s func-
tion method, where each k state has a broadened projected DOS to that state.
This plot is similar to the band dispersion calculated using the three-level model
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(Fig. 3.7). However, the inhomogeneous broadening of the N state energies, Ej ,
leads to an increased energy broadening at each k point, while the BAC energy
gap is clearly ﬁlled in by small contributions from a range of k points to the
density of states at each energy.
3.5 Summary
In this chapter we provided a detailed overview of the BAC model, and of a num-
ber of the ways in which it can be adopted to provide a more detailed description
of dilute nitride alloys. We ﬁrst reviewed how the BAC model can be modiﬁed to
include the N state broadening and energy shift, calculated respectively by the
imaginary and real part of the energy change in second perturbation theory. We
saw that including this broadening in N states leads to a ﬁlling the gap predicted
by the usual BAC model. We also overviewed the eﬀect of N-N pairs in § 3.3.
Later in § 3.4 we included the full distribution of localised states presented by the
LCINS approach, in an (n+1)-band model. In the next chapter we will examine
in more detail the accuracy of the BAC model when solving the Anderson simple
impurity model of Eq. (2.2) to describe the band structure of dilute nitride alloys.
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4.1 Introduction
We investigate here, the accuracy of the BAC model in describing the band
structure of GaNAs, including the electronic structure both away from and close
to the N resonant state energy. We directly solve a simpliﬁed random impurity
model Hamiltonian for a very large supercell of GaNAs. We calculate the exact
eigenstates of this Hamiltonian, and compare their behaviour with that predicted
by the BAC model. We calculate the fractional Γ character, participation ratio
and the density of states in the supercell, and compare these results with those
calculated in BAC model to examine the validity of BAC model. Our results
conﬁrm the validity of the BAC model to describe states whose energy is well
separated from the N resonant state energy. Our results also show that states
with energy close to the N level energy are likely to be localised, implying a
breakdown in the k selection assumed in the BAC model for such states. We
discuss brieﬂy the consequences of this state localisation for electron transport at
high electric ﬁelds in dilute nitride alloys.
4.2 Supercell model
In order to test the BAC model, we consider a large supercell of side length
L, with M randomly placed nitrogen states in the supercell. Using the many-
impurity model [31, 34, 35], the Hamiltonian of this system can be written fol-
lowing Eqs. (2.2) to (2.4) as
H =
∑
k
Ek|k〉〈k|+
M∑
j=1
EN |j〉〈j|+
∑
k,j
VNc
[
eik.Rj |k〉〈j|+ e−ik.Rj|j〉〈k|
]
, (4.1)
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where the ﬁrst and second terms describe the energies of extended and localised
states, labeled by wave vector |k〉 and position vector |j〉, respectively. The
last term represents the interaction between the extended and localised states,
where Rj is the position of the j-th N atom, k=(kx, ky, kz) is the wavevector, and
VNc=β/N1/2c is the interaction parameter.
The ﬁrst term in the Hamiltonian in Eq. (4.1) describes the host matrix CB
states satisfying periodic boundary conditions in the supercell, given by
ψnx,ny,nz =
1
(LxLyLz)1/2
exp
[
i2π(
nxx
Lx
+
nyy
Ly
+
nzz
Lz
)
]
, (4.2)
with energy equal to
Enxnynz =
4π2~2
2m∗

(nx
Lx
)2
+
(
ny
Ly
)2
+
(
nz
Lz
)2 + Ec, (4.3)
where nx, ny and nz are quantum numbers in the x, y and z directions, respec-
tively. We include in our calculations all host states with energy Enxnynz ≤ Emax,
where Emax=4π2~2l2/(m∗L2), and l is a positive integer.
The second term in Eq. (4.1) describes the M nitrogen states in the supercell,
where M=xNc. In each cubic unit cell volume a30, we have 4 group V atoms.
So for a supercell with side length L=L0a0, we have Nc=4L30 such atoms. Thus,
for GaNxAs1−x, x=M/Nc=M/4L30, and VNc=β/(4L
3
0)
1/2. For most calculations
described below, we took a 4 million atom supercell (L0=100), adding M=8000
N atoms, and choosing l=11, so that Emax=0.857 eV, with the zero of energy at
the GaAs conduction band edge energy, Ec.
As mentioned in Chapter 3, the N energy, EN in Eq. (4.1) diﬀers by ∆EN from
the value E ′N in Eq. (3.1), because the interaction with the CB states shifts the
mean N energy. From Eq. (3.2), ∆EN=−13.3 meV when we choose EN=0.23 eV
and Emax=0.857 eV.
Using the Hamiltonian H we can then calculate directly diﬀerent parameters
for the chosen supercell. In the rest of this chapter, we calculate for supercell
states their fractional Γ factor, the density of states, and wave function partici-
pation ratio for GaNxAs1−x with x=0.2%, and compare the results with the BAC
model.
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Figure 4.1: Fractional Γ character of the energy eigenstates in a x=0.2% calcula-
tion for cell size L=100a0 (blue dots), compared with results from the BAC model
when (i) ignoring the shift and broadening in N energy (dashed green line), (ii)
including the shift in EN (dash-dotted brown line), and (iii) considering the shift
and broadening in EN (solid red line). All energies are referenced to the GaAs
CBE. The inset shows the details of the same plot around nitrogen energy EN .
4.3 Fractional Γ character
The supercell conduction band states |ci〉, are a linear combination of the original
GaAs conduction band states |k〉 and localised states |j〉. We can calculate the
fractional Γ character fΓ of a supercell eigenstate by summing the CB state
weights, |〈k|ci〉|2 over all k, where fΓ provides a measure of the host matrix
character of a given state. fΓ is equal to the ratio of the GaAs to the alloy
eﬀective mass. The blue dots in Fig. 4.1 show the Γ character calculated for the
large supercell of size L0=100, with M=8000.
In the BAC model ignoring the N broadening (∆N = 0), the conduction band
weight at energy E for the upper (α+k ) and lower band ( α
−
k ) can be calculated
by
α±k =
√
(1± αp)/2, (4.4)
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where αp is
αp =
(Ek − E ′N)√
(E ′N −Ek)2 + 4V 2Nc
. (4.5)
The dashed green line in Fig. 4.1, shows the variation of fΓ = |α±k |2 calculated
using the 2-band BAC model of Eq. (3.1) with ∆EN=0 (EN=0.23 eV) and ∆N =
0, where α±
k
is the amplitude for E± of the BAC eigenstate on the host k state
given by Eq. (4.4). The dash-dotted (brown) line in Fig. 4.1 shows the 2-band fΓ
when we include this shift (E ′N=0.2167 eV). Very good agreement is obtained over
a wide energy range between the supercell calculation and the BAC model with
shifted N energy in Fig. 4.1. It can be seen however that for energies just below
EN the numerical results move toward the BAC model result with the original
unshifted N energy.
In order to consider N broadening when calculating fractional Γ character, we
can use Eq. (3.11), as obtained in Chapter 3
fΓ =

1 + V 2Nc(
E − E ′N
)2
+∆2N


−1
. (4.6)
The red solid line in Fig. 4.1 shows fΓ calculated using Eq. (4.6), and with ∆EN ,
and ∆N calculated using second perturbation theory, as discussed in Chapter 3.
This result shows much better agreement with the supercell calculation, but for
energies close to EN , there are still some discrepancies between the supercell and
BAC models.
4.4 Density of states
4.4.1 The DOS projected to a single state
The density of states projected onto a single CB momentum eigenstate (nx, ny, nz)
is given by
Dnx,ny,nz(E) =
∑
i
δ(E − Ei)|ainx,ny,nz |2, (4.7)
where ainx,ny,nz is the amplitude of the i
th wave function on the given CB state.
We use a Gaussian function with broadening parameter ǫ=3 meV to represent
the δ-function. The solid blue lines in Fig. 4.2.(a) show how the density of states
projected onto the individual k states varies with increasing energy Ek of the k
states. The dashed red lines in this ﬁgure display the results calculated by the
BAC model. As we discussed in Chapter 3, the DOS projected onto a single k
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Figure 4.2: (a) The Density of states projected onto selected GaAs |k〉 states,
calculated using the BAC model (dashed red lines) and using the numerical model
for a box with L0=100, l=11, M=8000, x=0.2% and ǫ=3 meV (solid blue lines),
and the BAC model (dashed red lines). Arrows show the energy Ek of the original
k state, and dotted line displays the N energy, EN (=0.23 eV). (b) The same plot
at very low DOS values.
state is given by Eq. (3.23). Overall we see a good agreement between the BAC
model (with energy broadening and shifted N energy) and our supercell model
eigenstates. Small diﬀerences are observed near the CB edge, Ek=0. However,
for Ek near the N state energy, the results of the BAC model are very similar to
the supercell calculations. A strong splitting of bands is seen especially near the
N state energy.
However, the BAC model does not reproduce all the details of the DOS.
Fig. 4.2.(b) (on the right hand side), shows the same plots but on a scale to
highlight the regions with a low DOS, where the two models do not agree well.
Despite the very good agreement between the BAC and supercell models at the
peaks of the DOS, their details far from the peaks are diﬀerent. In fact the super-
cell model predicts a small gap around EN , while the BAC model incorrectly ﬁlls
this gap. We shall return to discuss the details further following the introduction
of a self-consistent Green’s function method in the next chapter.
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Figure 4.3: GaAs DOS calculated for a supercell with L=100a0 (solid line) and
analytically (dashed line).
4.4.2 Density of states projected to CB
We consider now the 3D density of states for a supercell of size L3. We showed in
Chapter 3 that this is given for the BAC model by Eq. (3.15). The DOS projected
onto the GaAs CB states, in the supercell calculation, is
Dcb(E) =
∑
i,k
δ(E − Ei)|aik|2. (4.8)
Figure 4.3 shows the DOS of GaAs in the absence of N, determined by the
numerical calculation for the supercell with L=100a0, l=11 (Emax=0.857 eV), and
a Gaussian broadening ǫ=20 meV (solid line), compared to the DOS calculated
analytically by Eq. (3.16) (dashed line). As expected very good agreement is
observed in this ﬁgure, conﬁrming the validity of our supercell calculation. The
ﬂuctuations in the numerical result arises because we only carry out calculations
for superlattice wavevector ~q = 0. The DOS could be further smoothed either by
carrying out calculations over the full superlattice Brillouin zone (|qx|, |qy|, |qz| <
π/(L0a0)), or else by further increasing the box size, L.
The solid red line in Fig. 4.4 shows the DOS projected onto the host CB states
for a GaNxAs1−x supercell with x=0.2% and Emax=0.857 eV. This is compared
with the projected DOS from the BAC model of Eq. (3.15) with Emax=∞, with
(blue, dashed) and without (brown, dash-dotted) broadening. The unbroadened
DOS in the BAC model has an (integrable) divergence as E approaches the N
state energy, due to the inﬁnite set of k values allowed for in Eq. (3.1). The DOS
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Figure 4.4: The DOS projected onto the GaAs CB states for GaNxAs1−x with
x=0.2%; obtained from (i) the BAC model with and without N broadening, and
assuming Emax=∞ (dashed red and dash-dotted brown lines, respectively), (ii) a
supercell calculation including 8000 N (solid red line), and (iii) a Green’s function
method with Emax=0.857 eV (green dots). Energies are referenced to the bottom
of the GaAs CB, and EN is taken to be 0.23 eV.
calculated in the supercell model agree well with the BAC results for energies
far from EN . However, for energies around EN the BAC model with an inﬁnite
CB predicts a much higher DOS than the supercell calculation. In order to
conﬁrm the eﬀect of the inﬁnite CB on the DOS calculated by Eq. (3.15), we also
use the Green’s function approach to calculate the DOS projected onto the host
semiconductor CB states. The green circles in Fig. 4.4 show the DOS calculated
using the Green’s function method by Eq. (3.20), with a cut-oﬀ energy equal to
that for the supercell calculation. A much better agreement is observed between
the supercell and GF calculation with the same cut-oﬀ energy. However, contrary
to the Green’s function and BAC method, the supercell calculation shows a gap in
the DOS of GaNAs alloys. But, this gap is much smaller than the one predicted
by the original BAC model without N broadening (shown by the dash-dotted
brown line in this ﬁgure). The DOS calculated in the supercell model in Fig. 4.4
conﬁrms the gap already seen in the DOS projected onto single momentum states
in Fig. 4.2, in disagreement with the Green’s function approach (equivalent to
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Figure 4.5: The total DOS calculated for GaN0.002As0.998 supercell for a box with
L = 100a0 and ǫ = 1 meV (solid blue line), compared with the results of the
BAC model with(dash-dotted line) and without (dashed green line) the shift in
EN . The dotted blue line shows the numerical DOS projected onto the host CB
states. The inset shows the details of the same plot at lower values of DOS.
the BAC model with N broadening ∆N and a maximum conduction band energy,
Emax = 0.857 eV).
4.4.3 Total density of states
The total DOS in the supercell calculation is given by
Dalloy(E) =
∑
i
δ(E −Ei). (4.9)
In the BAC model the total DOS can also be found by dividing the DOS projected
onto the CB by the fractional Γ factor, Dalloy = Dcb/fΓ. The red solid line
in Fig. 4.5 shows the numerical results of total DOS calculated for a box with
L0 = 100, l = 11, and including 8000 N atoms (x = 0.2% and Emax = 857 meV).
Near to the N energy, EN , the DOS projected onto the N states is clearly much
larger than the DOS projected onto the host CB states (dotted blue line). The
dashed green line in this plot shows the total DOS calculated in the BAC model
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ignoring the shift in EN while the dash-dotted black line includes this shift, ∆EN .
We see that the BAC model with the shifted N energy predicts a correct total DOS
for energies far from EN . However, just below the N energy, in the low energy
side of the peak in the total DOS, the BAC model with unshifted N energy gives
better agreement with the numerical results. In addition, the BAC model with
constant broadening ∆N ﬁlls in the gap that is observed in the supercell model
calculation.
4.5 Participation ratio
We investigate the degree of localisation of each state by calculating the partici-
pation ratio L for the CB part of each wave function, given by [64, 65]
L(Ei) =
V
∫
V
d3r|ψcbi (r)|4
∫
V
d3r|ψcbi (r)|2


2 , (4.10)
where ψcbi (r)=
∑
k a
i
k
exp (ik.r), and V=L30a
3
0 is the supercell volume. Fig. 4.6
shows the calculated participation ratio for all states in a supercell with length
L0=50, containing M=1000 N, (x=0.2%) and with l=12. The stronger the local-
isation, the larger the participation ratio. To compare with the BAC model, the
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Figure 4.6: Participation ratio calculated from Eq. (4.10) for the supercell of size
L0=50, with M=1000 and l=12. Vertical lines display band edges predicted by
the BAC model with Emax=4.08 eV.
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maximum of the lower band E ′N , and minimum of the upper band E+0, are indi-
cated on the ﬁgure. The larger values of L(E) in the BAC gap indicate that the
states in this energy range (which have predominantly N character) are localised,
in agreement with the experimental analysis of Patanè et al. [15, 22]. Note that
in this ﬁgure the gap predicted in earlier calculations is ﬁlled because of a very
high cut-oﬀ energy (Emax = 4.08 eV). We conclude, given the large density of
N-related states near the N energy in Fig. 4.4(b) and the localised nature of these
states from Fig. 4.6 that we may need to use a hopping transport model to de-
scribe conduction through such states when investigating high ﬁeld transport in
dilute nitride alloys.
4.6 Summary
We have shown by direct comparison with a supercell model Hamiltonian that
the BAC model provides a good description of the electronic structure of dilute
nitride alloys at energies which are well separated from the N state energy. For
simplicity, we have neglected the eﬀect of nitrogen pairs or larger clusters, that
would provide further perturbation and localisation in conduction band of the
host semiconductor [7, 24]. Our calculations show that the electronic structure
deviates from that predicted using the BAC model close to the N resonant state
energy, due to the ﬁnite density of N-related states, and carrier localisation eﬀects
(breakdown of k selection). We conclude that it may be necessary when modeling
transport to consider hopping through the N states, at energies close to the N
resonant state and BAC energy gap range.
Our results for the fractional Γ character and total DOS suggest that we need
to consider the energy dependence of ∆EN(E) and ∆N (E) instead of a constant
shift in the N energy, ∆EN , and N broadening, ∆N . We introduce in the next
chapter a self-consistent Green’s function method to do so.
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Chapter 5
Self-consistent Green’s function
method
5.1 Introduction
In previous chapters we have seen that the BAC model gives a good explanation
of many aspects of the electronic structure of dilute nitride alloys, such as the
strong reduction in the energy gap with increasing nitrogen concentration [9].
Also, the dispersion relations calculated by the BAC model, close to and above
the CBE is in good agreement with experiments in samples with very low x [22].
However as we saw in previous chapters, there is no maximum cut-oﬀ wavevec-
tor, kc, in the BAC model, Eq. (3.1), which introduces errors in the density of
states (DOS) and in high-ﬁeld mobility calculations [66]. Furthermore, the BAC
model considers only isolated N states, and ignores states associated with N
pairs [7], where a Ga atom has two N neighbours, as well as ignoring states asso-
ciated with larger clusters of N atoms [51, 63]. Such pair and cluster states have
been shown to be very important for determining the band edge eﬀective mass
and transport properties of GaNAs alloys [13, 66].
Wu et al. [18] and then Vaughan and Ridley [32] developed the Green’s func-
tion method to investigate the band dispersion and density of states in dilute
nitride alloys, treating the N state energy broadening in terms of a constant
imaginary energy shift ∆EN , which arises due to the N states introduced being
resonant with the host semiconductor conduction band. Vaughan and Ridley cal-
culated the DOS of GaNAs in the two and three band models (including isolated
N and pair, N-N, states), introducing a Lorentzian function to represent the N
broadening. They assumed the same constant broadening energy for both N and
N-N states [34]. Vogiatzis and Rorison [35, 36] have also studied the Anderson
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model using Matsubara Green’s function method and calculated the band struc-
ture and density of states of bulk and conﬁned quantum well and quantum wire
GaInNAs structures.
In chapters 3 and 4, the model of Vaughan and Ridley was modiﬁed by calcu-
lating both the real and imaginary parts of the nitrogen state energy shift, ∆EN ,
using second order perturbation theory. This approach leads to a ﬁlling of the
gap in the DOS of GaNAs, even in the 2-level BAC model, in agreement with
measurements [29]. Although these results agree well with supercell calculations
for energies far from the N energy level EN , there are some disagreements close to
EN , indicating the need for a deeper investigation of the energy shift obtained in
the Green’s function calculations of the band structure of dilute nitride alloys. We
show here that there are some aspects of the usual Green’s function approach that
introduce errors that can become signiﬁcant, especially when treating high-ﬁeld
mobility.
Here we modify the Green’s function (GF) method developed by Vaughan
and Ridley [33, 34] by introducing an energy-dependent complex energy, ∆Ej(E),
where the real and imaginary parts of ∆Ej indicate the shift in energy and broad-
ening, respectively, of the localised states due to the energy dependence of the
alloy density of states. In previous chapters we used constant values of ℜ[∆Ej ]
and ℑ[∆Ej ] as the real and imaginary parts of the energy shift, calculated using
second order perturbation theory. Here we ﬁrst calculate an energy-dependent
broadening ∆Ej(E) using a Self-Consistent Green’s Function (SCGF) method,
in which the energy shift of the nitrogen states and the conduction band density
of states are calculated self-consistently. We then investigate the eﬀect of the
energy-dependent broadening on the calculated DOS of GaNAs.
In this chapter two models are considered; (1) the 2-band model (assuming
all N states have the same energy) and (2) a Linear Combination of Isolated
Nitrogen States (LCINS) model [11, 17], which allows for interaction between
N states on nearby sites as well as inhomogeneous broadening and produces a
distribution of N state energies. We compare the SCGF results for the 2-band
model with those calculated using the BAC model, and also with those calculated
using the supercell approach of Chapter 4, where we solved the single particle
Hamiltonian for a very large supercell containing randomly placed N states.
In the two-band model, the usual Green’s function method (with constant
nitrogen state broadening ∆EN ) predicts a continuous DOS in the CB with no
gap, whereas the self-consistent Green’s function method gives a gap in the CB,
introduced above the N energy EN , that increases in magnitude with increasing
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N concentration x.
When the self-consistent approach is used with the full LCINS model, it can be
used to calculate the energy shift ∆Ej(E) for each localised state j as a function
of energy. This should lead to a more accurate treatment of the band structure
in dilute nitride alloys, with the inhomogeneous broadening of the N states in
the LCINS model then playing a critical role in determining the behaviour of the
band dispersion at energies close to the N resonant state energies.
In the next section we introduce the self-consistent approach to treating the
Green’s function and show how to ﬁnd the energy-dependent energy shift ∆Ej(E).
We then present in § 5.3 the results for the DOS, projected onto extended and
localised states, and the band structure for the two-level SCGF method. We
benchmark our two-band model results by comparing them with supercell cal-
culation results to conﬁrm their validity. Afterward, in § 5.4 we include the full
distribution of LCINS states and investigate the consequences of this broad distri-
bution of localised states for the DOS of GaNAs alloys. We then in § 5.5 compare
the band dispersion of the two-band and LCINS model, calculated by the SCGF
method for GaNxAs1−x. Finally we discuss and summarise our conclusions in
§ 5.6.
5.2 Self-consistent Green’s function method
In Chapter 2 we saw that in the many impurity Anderson model, the Hamiltonian
for a set of localised N states interacting with the host matrix conduction band
states using Eqs. (2.2)-(2.4) can be written as
H =
∑
k
Ek|k〉〈k|+
M∑
j=1
Ej|j〉〈j|+
∑
k,j
1√
Nc
[
Vje
ik.Rj |k〉〈j|+V ∗j e−ik.Rj |j〉〈k|
]
. (5.1)
The exact solutions of the Hamiltonian in Eq. (5.1) can be obtained from the
Green’s function [30]
Gkk(E) =

E − Ek − 1Nc
∑
j
|Vj |2
E −Ej −∆Ej(E)


−1
, (5.2)
where the (complex) energy shift of each localised state j is given by
∆Ej(E) =
|Vj|2
Nc
∑
k
Gkk(E). (5.3)
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The Green’s function of localised states Gjj in addition is given by
Gjj(E) =
1
E − Ej −∆Ej(E) . (5.4)
When all the localised states have the same energy, Ej = EN , the same
interaction parameter value Vj = β, and have an atomic concentration x, Eq. (5.2)
becomes
Gkk(E) =

E − Ek − VNcE −EN −∆EN (E)


−1
, (5.5)
and Eq. (5.3) becomes
∆EN(E) =
β2
Nc
∑
k
Gkk(E). (5.6)
where the coupling matrix element VNc between the nitrogen and CB states in
Eq. (3.1) then depends explicitly on nitrogen concentration x, as VNc=βx1/2 [6,
10].
Equations (5.2) and (5.3) do not in general admit an analytical solution. How-
ever, by assuming all the localised states have the same energy, and by assuming
that ∆Ej(E) can be approximated by an imaginary constant broadening energy
i∆j , Wu et al. [18] solved the Green’s function, using Anderson’s many-impurity
model in the coherent potential approximation [31]. Vaughan and Ridley [32, 33]
generalised this method to include additional nitrogen clusters such as N-N pairs
sharing a nearest neighbour Ga ion, with the Green’s function Gkk given by [30]
Gkk(E) =

E − Ek − 1Nc
∑
j
|Vj|2
E −Ej + i∆j


−1
, (5.7)
Vaughan and Ridley [34] then calculated the density of states of GaNAs from the
imaginary part of the Green’s function, assuming ∆j is constant and the same for
all N levels Ej . In Chapter 3 we extended this model by approximating Gkk(E)
in Eq. (5.3) by G0kk = 1/[E − Ek], that still allowed an analytical solution.
Here, we go beyond these previous approaches and apply the Green’s function
method, taking fully into account the modiﬁcation of the conduction band (CB)
Green’s functionGkk(E) that is induced by its interaction with all localised states.
This requires us to solve Eqs. (5.2) and (5.3) self-consistently.
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5.2.1 The density of states
It can be shown that the density of states projected onto the host semiconductor
momentum states is given by [34]
Dcb(E) = −1
π
∑
k
ℑ[Gkk(E)], (5.8)
and the density of states projected onto the localised states is given by
Dloc(E) = −1
π
∑
j
ℑ[Gjj(E)], (5.9)
where Gkk and Gjj are calculated by solving equations (5.2) to (5.4) self-
consistently. Eq. (5.8) can be written, by replacing the sum over k with an
integral over energy, as
Dcb(E) = −1
π
ℑ
∫
∞
0
Gkk(E)D0(Ek)dEk, (5.10)
where D0(Ek) is the host semiconductor density of states given by
(2m∗)3/2E1/2k /(4π
2
~
3), and we have taken the zero of energy at the host matrix
CBE. Deﬁning γ(E) as
γ(E) = E − 1
Nc
∑
j
|Vj|2
E − Ej −∆Ej(E) . (5.11)
Gkk can then be written asGkk(E) = [γ(E)−Ek]−1. Therefore, the DOS projected
onto the extended states can be written as
Dcb(E) = −1
π
(2m∗)3/2
4π2~3
ℑ
∫ Emax
0
E
1/2
k dEk
γ(E)−Ek , (5.12)
where Emax is the upper limit of the energy of the band states that couple with
interaction matrix element Vj to the localised states. Because γ(E) is independent
of Ek, we can evaluate this integral as
∫ Emax
0
E
1/2
k dEk
γ − Ek = −2E
1/2
max +
√
γ ln
(
1 +
√
Emax/γ
1−
√
Emax/γ
)
.
(5.13)
We note that the real part of this integral (and, hence, the real part of the energy
shift ∆Ej) is not well-deﬁned as Emax → ∞. However, for Emax >> |γ|, the
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Figure 5.1: (a) The real and (b) the imaginary parts of the energy shift ∆EN (E)
for the two-band model of GaNxAs1−x with x = 0.2%. The horizontal dashed
lines display the values obtained in second order perturbation theory.
logarithmic factor tends to ln(−1) = −iπ and the imaginary part of this integral
is given by
ℑ
(
− iπγ1/2 −
[
2E1/2k
]∞
0
)
= −πℜ
(
γ(E)1/2
)
, (5.14)
from which we can ﬁnd the projected DOS
Dcb(E) =
(2m∗)3/2
4π2~3
ℜ
[
(γ(E))1/2
]
. (5.15)
If we denote the real and imaginary parts of γ(E) by Γ(E) and Φ(E), respectively,
Eq. (5.15) can then be written as
Dcb(E) =
m∗3/2
2π2~3

Γ(E) +
(
Γ2(E) + Φ2(E)
)1/2
1/2
. (5.16)
Having calculated ∆Ej and γ(E) self-consistently, using a ﬁnite value of Emax,
we may then take the limit of Emax → ∞ in examining the density of states, as
given by Eqs. (5.15) and (5.16). Note, however, that the real part of ∆Ej is not
well-deﬁned.
5.3 The two-level SCGF
In the two-band model we assume all the N states lie at the same energy, EN =
0.23 eV, with interaction strength β = 2.0 eV [13], the host matrix conduction
band energy at Ec = 0 eV, and electron eﬀective mass m∗ = 0.067m0 where m0 is
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the free electron mass. To calculate the DOS we consider real energies E, while
allowing that ∆EN(E) is a complex quantity. In order to solve Eqs. (5.5) and (5.6)
self-consistently, the initial value of ∆EN (E) in Eq. (5.5) is found using second
order perturbation theory. In the calculations presented here, the upper limit of
the band energy is taken to be Emax = 856 meV. Gkk(E), given by Eq. (5.5), is
then used in Eq. (5.6) to calculate a new value of ∆EN(E). We continue in this
way until we reach a converged value for ∆EN (E). We ﬁnd that 40 iterations are
suﬃcient to reach a converged value of ∆EN (E) for all real E, and that as few as
2 iterations give a good estimate of the DOS for energies away from the energy
gap in this case.
Figure 5.1 shows the real and imaginary parts of (converged) ∆EN (E) calcu-
lated by the SCGF method. This ﬁgure presents the main result of our SCGF
method. In previous work we used constant values for ℑ(∆EN ) and ℜ(∆EN)
shown by the horizontal dashed lines in Fig. 5.1. From Eqs. (5.6) and (5.8) it
is clear that −ℑ(∆EN (E)) is proportional to the density of states in the 2-level
BAC model. ℜ(∆EN (E)) monotonically increases from -20 meV at the bottom
of the lower band to +5 meV at the top of the band, decreases sharply with E in
the band gap, and again monotonically increases in the upper band.
5.3.1 The DOS for the two-level SCGF model
Figure 5.2 shows the evolution of the density of states for diﬀerent numbers of
iterations, s, for GaN0.002As0.998. The red dashed line in this ﬁgure displays the
DOS calculated by the ordinary (non-self-consistent) Green’s function calculation
(s = 1), that predicts a continuous and ﬁnite CB DOS at all E in the two-band
model. However after a suﬃcient number of iterations a gap appears in the DOS,
as shown by the blue solid line in Fig. 5.2.
We presented in Chapter 4 a supercell model to calculate the density of states
of GaNAs alloys. We used the Hamiltonian given by Eqs. (5.1)-(2.4), assuming
that all N states have the same energy EN , the interaction parameter is given
by VNc = β/N1/2c , and including all host states with energy less than Emax =
4π2~2l2/(mL2). (l is a positive integer.) In this model the DOS projected onto
the GaAs CB states is given by
Dcb(E) =
∑
i,k
δ(E − Ei)|aik|2, (5.17)
where aik is the amplitude of conduction band state k in the i
th wave function.
We use a Gaussian function below with broadening parameter ǫ to represent the
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Figure 5.2: The density of states for GaNxAs1−x with x = 0.2%, for diﬀerent
number of iterations s, of the two-band SCGF method, assuming all N states
have the same energy.
δ-function.
Figure 5.3 compares the density of states obtained by the self-consistent
Green’s function method, with the result of the supercell calculation, with super-
lattice wavevector q = 0, for GaNxAs1−x with x = 0.2% for a box of side length
L = 100a0, with M = 8000 randomly placed nitrogen states, Emax = 856 meV,
and Gaussian broadening ǫ = 1 meV and ǫ = 10 meV. In our earlier work [60],
we chose ǫ = 20 meV, that showed a very good agreement with the results of the
(ordinary) Green’s function method with constant ∆EN , predicting a continuous
CB with no gap in the DOS. However, our current calculations (by considering
the SCGF approach) do not conﬁrm this assumption. Considering higher values
for Gaussian broadening in the supercell calculation makes the density of states
much smoother, but it obscures the presence of an energy gap. The DOS calcu-
lated with ǫ = 1 meV (solid red line) shows very good agreement with the one
calculated by the SCGF method, conﬁrming the presence of the gap in the two-
level model. The noisy behaviour in this spectrum arises because we only carry
out our calculations for superlattice wavevector q = 0. The DOS could be further
smoothed either by carrying out calculations over the full superlattice Brillouin
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Figure 5.3: The density of states for GaNxAs1−x with x = 0.2%, calculated by
the SCGF approach (green circles), compared with the result of the supercell
calculation for a box with L = 100a0, M = 8000 and Emax = 856 meV, with
broadening parameter ǫ = 1 meV (solid red line), and ǫ = 10 meV (dashed blue
line).
zone (|qx|,|qy|,|qz| < π/L), or else by further increasing the box size, L. We chose
the same cut-oﬀ energies in both the SCGF and the supercell calculations, as
using a higher cut-oﬀ energy shifts the gap to lower energy, and makes it smaller.
Figure 5.4 shows the density of momentum states for GaNxAs1−x with x=1%,
calculated by the SCGF method and using the supercell approach. Very good
agreement is observed between the SCGF and the supercell calculations with
ǫ = 1 meV for the whole range of nitrogen concentration x. The gap between the
lower and upper bands increases with increasing x. For higher concentrations we
ﬁnd that even larger values of the broadening parameter ǫ do not obscure the
gap.
In the SCGF calculations shown in Fig. 5.3, we have assumed that the CB
energy is cut-oﬀ at Emax = 856 meV, in Eqs. (5.6) and (5.8). We note however
that the DOS for an inﬁnite CB can be obtained using Eq. (5.16). The red
solid line in Fig. 5.5 shows the DOS calculated by Eq. (5.16) with Emax = ∞,
in comparison with the DOS calculated by Eq. (5.8) with Emax = 856 meV,
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Figure 5.4: The density of states for GaNxAs1−x with x = 1.0%, calculated by
the SCGF approach (green circles), compared with the result of the supercell
calculation with broadening parameter ǫ = 1 meV (solid red line), and ǫ = 10
meV (dashed blue line), for GaNxAs1−x with x = 1.0%, L = 70a0, M = 13720
and Emax = 1.45 eV.
equivalent to kmax = 1.23× 109 m−1 (shown by the blue dashed line). Note that
in both plots, ∆EN (E) has been calculated for a ﬁnite CB in Eq. (5.6). It is seen
that, due to the contribution of higher momentum states in the inﬁnite CB, the
DOS calculated by Eq. (5.16) has a singularity at the localised state energy, EN .
This diﬀerence is very similar to what we observed in our previous non-self-
consistent GF calculations (in agreement with calculations using a modiﬁed BAC
model). In order to illustrate the eﬀect of the energy dependent ∆EN (E) (that
includes both real and imaginary parts), the results of the previous GF model
are also shown in this ﬁgure. The green dots and the dash-dotted brown line in
Fig. 5.5 display the DOS calculated by the ordinary GF method assuming a ﬁnite
(Emax = 856 meV) and an inﬁnite CB, respectively. In this model, as discussed in
chapter 3 we assume that the N broadening is given by second order perturbation
theory as ℑ[∆EN(E)] = 16 meV for all values of energies. Comparison of the
dashed blue line and the green dots in this ﬁgure clariﬁes the importance of the
energy-dependent broadening ∆EN (E) used in the self-consistent calculations. It
can be seen that the self-consistent approach predicts a gap between the lower
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Figure 5.5: The DOS projected onto GaAs CB states for GaNxAs1−x with x =
0.2% calculated by the SCGF approach of Eq. (5.12) (blue dashed line: CB cut
oﬀ at 856 meV), and Eq. (5.15) (solid red line: inﬁnite CB), compared with the
results of similar calculations but with constant ∆EN (E) = 16i meV, for the CB
with Emax = 856 meV (green dots), and for inﬁnite CB (dash-dotted brown line).
and upper mini-bands in GaNAs, in contrast with our earlier calculations in
Chapter 3.
The DOS calculated by the SCGF method, for an inﬁnite band, is similar
but not identical to the results obtained using the simple BAC model (without
N broadening). For example, in the usual BAC model the maximum of the lower
band is constant and equal to EN = 0.23 eV. By contrast, the energy of the
highest state in the lower band decreases with increasing x in the SCGF method.
The DOS calculated by SCGF method, for inﬁnite band, is similar to the result
of the simple BAC model (without N broadening). However, our calculations
show that the gap calculated by the SCGF and the supercell calculations are
smaller than the gap predicted by the usual BAC model.
In the usual BAC model the maximum of the lower band is equal to EN =
0.23 eV. However, we have assumed that each N state can interact with only one
supercell host matrix state, and therefore the volume of k-space included should
be equal to the volume of the full Brillouin zone times the N concentration, x,
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Figure 5.6: The maximum of the lower band, Emaxl , and the minimum of the
upper band Eminu for GaNxAs1−x versus nitrogen concentration x, calculated by
the self-consistent Green’s function and the BAC model, with Emax = 0.6 eV.
and the maximum allowed wave vector is given by kmax = x1/32π/a0, where a0
is the GaAs lattice constant 1. Fig. 5.6 compares the concentration dependence
of the energy of the top of the lower band and the bottom of the upper band,
calculated by the BAC model (with kmax) and the SCGF approach , for the range
of x in GaNxAs1−x. In both cases the band-edges are linear with respect to x. In
the BAC model the gap between the lower and upper bands is larger than that
in the SCGF approach. In SCGF method, in contrast with the BAC model, no
gap is observed for very low N concentrations (x < 0.08%).
In the BAC model in chapters 3 and 4 we included the real part of the energy
shift of localised state energies, given by Eq. (3.2), which has not been considered
in Fig. 5.6. Including this shift, pushes the minimum of the upper band of BAC
model Eminu to higher energies and gives similar results as SCGF method.
We previously calculated the projected DOS onto single momentum states in
the supercell and BAC models (including complex N energy, EN − i∆) and found
quite good agreement between the two approaches in chapter 3.
The DOS projected onto a single CB state with momentum k is given by
−ℑ[Gkk(E)]/π, where Gkk(E) can be calculated from Eq. (5.5) once ∆EN (E)
has been determined. In § 4.4 we calculated this projected DOS onto single
momentum states in the supercell and BAC models (including complex N energy,
1See Sec. 6.2 for more more details.
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Figure 5.7: The DOS projected onto selected GaAs momentum states, calculated
using the BAC model (dash-dotted green lines), the supercell calculation for a
box with L = 100a0, and 8000 N states (solid blue lines), and the SCGF model
(dashed red lines) for GaN0.002As0.998. Green and black arrows show the energy
Ek of the original k state (Ek = 113.3, 226.6, and 347.9 meV), and the N energy
EN , respectively. Note the diﬀerent scale in the lower part of y-axes.
EN − i∆) and found quite good agreement between the two approaches. Fig. 5.7
shows how the DOS projected onto the individual k states varies with increasing
energy Ek, in the BAC, supercell, and the SCGF approach, where the green
arrow Ek indicates the energy of the host matrix state in each of the 3 cases
considered. The dashed green lines in Fig. 5.7 show the result predicted by the
BAC model for GaN0.002As0.998, while the solid blue curves display the numerical
results for a supercell with length L = 100a0, containing 8000 N (x = 0.2%),
and Gaussian broadening ǫ = 3 meV. Note the change in scale in Fig. 5.7 in the
middle of each ﬁgure. Despite the very good agreement between the BAC and
the supercell models in the peaks of the DOS (upper panels), the details of the
DOS far from the peaks diﬀer (lower panels). However, the DOS calculated by
the SCGF method (shown by dashed red lines), is in a very good agreement with
the supercell calculations both in the peaks of the DOS and in the details far from
the peaks. The BAC (usual Green’s function) model does not predict a gap in
DOS, while the SCGF method in agreement with supercell calculations conﬁrms
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Figure 5.8: The fractional Γ character for GaN0.002As0.998 predicted by the 2-level
SCGF method by Eq. (7.14) (blue dots), compared with the supercell calculations
for a box with length L = 100a0 containing 8000 N (x = 0.2%).
the existence of a gap in DOS. These results again conﬁrm the presence of a gap
in the two-band model, and demonstrate that the SCGF method provides an
accurate description of the DOS for individual k values.
5.3.2 Fractional Γ character
In analysing the band structure of dilute nitride alloys, it can be very useful both
for transport and optical properties to determine the fractional Γ character, fΓ,
of a given state, where fΓ equals the fraction of the state which projects onto the
host matrix extended states |k〉.
As we have shown in Appendix A, the Hamiltonian of the system can be
written by Eq. (A.1), where αM and αj are the weights of CB and j-th localised
state, respectively. The fractional Γ character fΓ, that is given by |αM |2, measures
the host matrix character of a given state. For the two-band model Eq. (A.6)
becomes
fΓ =

1− V 2Nc∣∣∣E − EN −∆EN (E)∣∣∣2


−1
. (5.18)
Figure 5.8 compares the fractional Γ character calculated by Eq. (5.18) with
the results of supercell calculations, for GaN0.002As0.998. We observe excellent
agreement, over the full energy range, between the SCGF result obtained from
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Figure 5.9: The total DOS for GaN0.002As0.998 obtained from; (i) a supercell with
L = 100a0, containing 8000 N, and Emax = 856 meV, with broadening parameter
ǫ = 1 meV (dash dotted red line), (ii) the SCGF as a summation of DOS projected
onto extended and localised states (solid blue line), and (iii) the SCGF as Dcb/fΓ
(dashed green line). The inset displays the results around the peak of the total
DOS.
Eq. (5.18) and the numerical results obtained for a supercell with size L = 100a0
including 8000 N atoms. In our earlier work, presented in Chapter 3, the results
of the GF calculation, with ∆EN calculated by second order perturbation theory,
did not agree with the supercell calculation results in particular for energies close
to the N state energy, EN , as we neglected the energy dependence of ∆EN in
that study.
5.3.3 Total density of states
The Green’s function for the N states, for the 2 band model, is given by
Gjj(E) =
1
E −EN −∆EN(E) , (5.19)
and the density of states projected onto the localised states, Dloc(E) can then be
calculated by Eq. (5.9). The total DOS shown by the solid blue line in Fig. 5.9,
can be obtained by adding the DOS projected onto the host matrix CB states to
61 Masoud Seifikar
5. Self-consistent Green’s function method
the result of Eq. (5.9). Excellent agreement, over the full range of energies, is seen
between this result and the supercell calculation obtained in Chapter 4, shown
by the dash-dotted red line in Fig. 5.9. The DOS projected onto the N states is
clearly much larger than the DOS projected onto the host CB states for energies
close to the N state energy, EN . The total density of states can also be obtained
from Dcb(E)/fΓ. The DOS calculated in this way (dashed green line) is in very
good agreement with the solid blue line in Fig. 5.9. Again the agreement between
the SCGF and the supercell method is much better than what we observed in
Chapter 4 for GF calculations with constant ∆EN , including that the peak of
the total DOS calculated by the previous GF model showed a shift with respect
to the supercell calculation result, which is now removed when including the
energy-dependent shift in the real part of ∆EN(E).
5.4 The LCINS model
The two-band model is oversimpliﬁed, because it omits the direct interactions
between N states, which are present in actual GaNAs samples. Lindsay and
O’Reilly have previously used a tight-binding-based model to calculate the dis-
tribution of N states expected in random GaNAs alloys, treating explicitly the
interactions between a Linear Combination of Isolated Nitrogen States (LCINS)
in this model [11, 17, 24]. This approach takes account of the formation of N pair
and cluster states with increasing N composition, x, where a N pair is formed
when a Ga atom has 2 N nearest neighbours, and a cluster consists of 3 or more
N atoms linked to each other through shared Ga neighbour sites. The LCINS
model also takes into account that interactions between isolated N atoms which
are close to each other in the alloy contributes to a broadening of the N spectral
energy. These interactions lead to mixing between the N states on diﬀerent sites
and a broadening of the N spectral energy (Ej no longer just equal to EN ), and
of the interaction values Vj. The inclusion of this distribution of N states has
previously been shown to be critical both to obtain good quantitative agreement
between the theoretical and experimental variation with N composition x of the
conduction band edge eﬀective mass and electron gyromagnetic ratio [25, 28] and
also to explain the conduction band density of states measured experimentally
using scanning tunnelling spectroscopy [29].
The density of localised N states calculated by the LCINS approach, with
each state weighted by V 2j /Nc (the square of its interaction matrix element with
the CBE), is shown in Fig. 5.10. We investigate below how the inclusion of
Dilute Nitride Semiconductors 62
5.4 The LCINS model
1.2 1.3 1.4 1.5 1.6 1.70
0.1
0.2
0.3
0.4
0.5
Ej (eV)
(V
2 D
) j (
eV
)
 
 
x=0.1%
x=0.36%
x=0.5%
x=1.2%
x=2.0%
Figure 5.10: The density of localised LCINS states, weighted by |Vj|2/Nc for each
state, versus their energies, for GaNxAs1−x with diﬀerent values of x. Each energy
level is broadened by a Gaussian of width 5 meV. The vertical arrows display the
calculated CBE energies at room temperature, with respect to the top of the
valence band, given in Ref. [13]. Zero of energy is taken at top of GaAs valence
band.
this distribution of N states modiﬁes the band dispersion and density of states
calculated using the SCGF method with Eqs. (5.2) and (5.3).
5.4.1 The DOS for the LCINS model
The dashed blue line in Fig. 5.11 displays the DOS of GaN0.0036As0.9964 with
the full LCINS distributions, calculated by solving Eqs. (5.2) and (5.3). The
zero of energy for these calculations is taken at the top of the GaAs valence
band and we use room temperature values for the GaAs energy gap and N state
energies [6]. The solid red and dash-dotted green lines in this ﬁgure show the
results of the ordinary GF model (Eq. (5.7); without iteration) with constant N
broadening ∆j = 16 and 1 meV, respectively 2, where the ∆j = 1 meV results
allow to see the calculated DOS with minimal broadening included. It can be seen
2Using ∆j = 1 in Eq. (5.7) is equivalent to taking ∆Ej(E) = 0+ 1i in Eqs. (5.3) and (5.2),
where i =
√−1.
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Figure 5.11: The density of states for GaN0.0036As0.9964 calculated by the ordinary
Green’s function method, with constant energy shifts ℑ[∆Ej(E)] = 16 meV (the
solid red line) and ℑ[∆Ej(E)] = 1 meV (the dash-dotted green line) compared
with the SCGF method result with 10 iterations (the dashed blue line).
that including the full distribution of N states causes the gap in the conduction
band to disappear, even for ∆ = 1 meV, in agreement with experiments [29].
Several features can be seen in the unbroadened spectrum (∆ = 1 meV) associated
with the N states, including a dip just around 1.45 eV associated with N pair
states (close to the same energy in Fig. 5.10), as well as several further features
associated with diﬀerent N environments between 1.55 and 1.65 eV. Most of these
features get washed out for the spectrum with ∆j = 16 meV. We saw earlier that
the broadening in the SCGF calculations is proportional to the DOS, Dcb(E) in
the 2-band model (where Ej and Vj are constant). Similar behaviour can be
expected when using the LCINS approach. The SCGF broadening then smears
out most of the features observed in the ∆ = 1 meV spectrum, although the dip
in the spectrum remains clear just above 1.65 eV, and a shoulder is also observed
in the DOS below 1.45 eV due to the N pair states. The dip in the SCGF DOS
is shifted to lower energy compared to the ∆j = 1 meV case, due to the energy
dependence of the real part of ∆EN (E) in the SCGF case.
Figure 5.12 shows the CB density of states for GaNxAs1−x for x = 0.1, 0.5, 1.2
and 2.0%, calculated using Eq. (5.8) where Gkk is calculated by Eqs. (5.2) and
(5.3), including the full distribution of N state energies and interactions from
Refs. [11, 67] as shown in Fig. 5.10. Increasing the N concentration pushes the
bottom of the CB to lower energy and makes the peak around the isolated N
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Figure 5.12: The density of states for diﬀerent values of x in GaNxAs1−x, calcu-
lated using the SCGF method and the full LCINS distribution of N states.
states wider.
5.4.2 Total density of states
In the LCINS model, as shown in Appendix A, fΓ can be calculated by general-
ising Eq. ( 5.18) to take account of the distribution of N states, using
fΓ =

1 + 1
Nc
∑
j
|Vj|2
|E − Ej −∆Ej(E)|2


−1
. (5.20)
The fractional Γ character calculated by the LCINS approach, for
GaN0.0036As0.9964, is given in the inset of Fig. 5.13. As is seen in the ﬁgure,
the overall behaviour is similar to the 2-level calculations.
However, the inclusion of the full LCINS distributions leads to a sharp reduc-
tion in fΓ at energies close to the N pair state energy (close to the CBE), thereby
leading to an increased electron mass near the CB minimum compared to that
which would be predicted using the 2-level BAC model of Eq. (3.1). There is
in addition another small shoulder in the value of fΓ just below E = 0.2 eV,
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Figure 5.13: The total density of states in comparison with the DOS projected
onto the host CB states for GaN0.0036As0.9964 (dashed blue line), predicted by
the SCGF method and the full distribution of LCINS approach. The red line
shows the result of Dcb +Dloc, and the dash dotted green line displays the total
DOS given by Dcb/fΓ. The inset shows the fractional Γ character calculated by
Eq. (5.20) for GaN0.0036As0.9964. The zero of energy is taken to be at the CBE of
GaN0.0036As0.9964.
associated with the N levels just below the isolated N state peak at 1.6 eV in
Fig. 5.10.
The total DOS for the LCINS model can again be calculated by summation
of the DOS projected onto the GaAS CB states, Dcb, and the density of localised
states, Dloc. This total DOS is shown by the solid red line in Fig. 5.13, in
comparison with Dcb for GaN0.0036As0.9964. The DOS projected onto the localised
N states is now clearly much larger than the DOS projected onto the host CB
states over a wide energy range. The dash dotted green line in this ﬁgure presents
the total DOS calculated by Dcb/fΓ, which again shows excellent agreement with
the summation of Dcb +Dloc.
5.5 Band structure
The DOS projected onto selected momentum states was presented in Fig. 5.7.
By calculating the DOS projected onto momentum states for all k values, we are
able to plot the band dispersion for GaNAs. Fig. 5.14 shows the conduction band
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Figure 5.14: Energy- and momentum-projected density of states for GaNxAs1−x
with x = 0.36% calculated with the two-level SCGF method. The dashed white
lines show the band dispersion calculated using the BAC model [Eq. (3.1)] with
the zero of energy taken at the bottom of the BAC CBE at room temperature.
dispersion for GaN0.0036As0.9964, calculated by the two-level SCGF method, where
the energy spectrum for each k state is given by −ℑ[Gkk(Ek)]/π. It can be seen
that overall the band dispersion is similar to the results of the BAC model of
Eq. (3.1) (shown by the white dashed line in this ﬁgure). The peaks at each k
point are broadened in the SCGF method, with this broadening increasing close
to the nitrogen resonant energy, EN . Similar behaviour was previously observed
using the Anderson single impurity approach [18], although the broadening ∆j
was taken to be independent of energy in that approach. The conduction band
character of the states also decreases towards zero when Ek approaches EN . How-
ever, in contrast to the GF calculations with constant ∆EN presented in Fig. 3.4,
this ﬁgure, in agreement with Figs. 5.3 and 5.7, conﬁrms that the energy broad-
ening in the two-level SCGF model does not provide a continuous spectrum of
states for electrons in the lower band to scatter into the upper band. The two-
level model, however, is not complete, as it ignores the detail of the N distribution
in actual GaNAs samples.
Fig. 5.15 shows the conduction band dispersion for GaN0.0036As0.9964, calcu-
lated by the SCGF method in the framework of the LCINS approach to include
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Figure 5.15: The k-projected density of states for GaNxAs1−x with x = 0.36%,
calculated by the SCGF method and including the full distribution of localised
states, showing the band dispersion and broadening. The dashed white lines show
the BAC band dispersion calculated by the BAC model of Eq. (3.1).
the full N distribution. It can be seen that the overall behaviour is similar to what
we saw in Fig. 5.14, but with two notable diﬀerences. First, the band dispersion
and broadening show clear features related to N pair states. Also, the energy
broadening at each k point has been increased by the inhomogeneous broadening
of the N states, leading to a ﬁlling of the gap predicted by the BAC model. This
result, in agreement with the DOS shown in Fig. 5.11, shows that there is a route
by which carriers, which are being accelerated in the lower sub-band, can scatter
to the higher sub-band.
5.6 Discussion and conclusions
We have implemented a self-consistent Green’s function method to calculate the
density of states in dilute nitride alloys. Our results show that the SCGF method
provides an excellent description of the electronic structure in GaNAs alloys. In
this model, the nitrogen energy shift, ∆Ej(E), due to interaction with the contin-
uum states, was taken as a complex energy dependent parameter, calculated self-
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consistently. In Chapter 3 we calculated this parameter using second order per-
turbation theory, with the real and imaginary parts representing a constant shift
in the nitrogen energy, and a constant energy broadening of the localised states,
respectively. We considered two diﬀerent models, namely the 2-band model (as-
suming all N states located at the same energy), and the LCINS model, which
includes a full distribution of N states. We compared the results of the 2-band
model with those calculated by the supercell and the BAC models.
In the 2-band model, the DOS calculated by the SCGF approach is in very
good agreement with the results of calculations of supercells with a random spatial
distribution of N states. Both models predict a gap in the conduction band DOS,
in contrast with the DOS calculated by the usual Green’s function model (or
equivalently the BAC model with constant N broadening). Overall the BAC
model gives a good qualitative description of the calculated band structure but
with a number of minor diﬀerences between the calculated results, including that
the BAC model without N broadening also predicts a gap that is wider than the
one given in the SCGF method. Turning to the band dispersion, the density
of states projected onto the individual k states calculated by the 2-level SCGF
method is in excellent agreement with that calculated by the supercell model.
In addition the fractional Γ character and the total DOS calculated by the two-
level SCGF method show excellent agreement with the supercell calculation in all
energy ranges, conﬁrming the accuracy of this method. The non-self-consistent
Green’s function method, which assumed that ∆EN was energy-independent, did
not show the same level of agreement.
Including the full distribution of N states, using the LCINS model [11, 17],
has a number of important eﬀects on the calculated band structure and density
of states. Firstly, it inhibits the gap in the density of states of GaNxAs1−x for
all x values considered. Secondly, it leads to an increased mixing between N and
conduction states across a wider energy range, causing a reduction in the host
matrix Γ character of many of the states, consistent with the increased band
edge mass observed in many GaNxAs1−x samples [10, 17]. Finally, it can also
lead to the observation of additional features in the conduction band density of
states, such as the shoulder observed in Fig. 5.11 and in the scanning tunnelling
spectroscopy measurements of [29].
In summary, we have presented a self-consistent Green’s function approach to
study the band structure and density of states of dilute nitride alloys. The results
of the model are in excellent agreement with supercell calculations that we have
undertaken. Although in this paper we investigated GaNxAs1−x, this method can
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be easily applied to other highly mismatched semiconductors, including diﬀerent
dilute nitride alloys and dilute bismide semiconductors, containing bismuth (Bi).
We conclude that the SCGF approach, in conjunction with the use of a realistic
distribution of localised N states provides a very powerful tool to examine the
details of electronic structure of GaNAs and related materials.
We turn in the next two chapters to consider consequences of N incorporation
on carrier scattering and electron mobility. We will ﬁrst in Chapter 6 investigate
the mobility assuming that the band dispersion is either parabolic or gives by
the 2-level BAC model. We then in Chapter 7 extend the work presented in this
chapter to use the SCGF method to calculate the band dispersion, scattering rate
and mobility of carriers in GaNAs alloys, where the carrier energies and decay
rates are taken to correspond to the complex poles of the self-consistent Green’s
function.
Dilute Nitride Semiconductors 70
Chapter 6
Intermediate and high field
mobility
6.1 Introduction
The quantitative analysis of electron transport and mobility in dilute nitride
alloys is a diﬃcult problem. It is well established that replacing a fraction x
of the arsenic atoms in GaAs by nitrogen atoms to form GaNxAs1−x strongly
perturbs the conduction band structure. In previous chapters we have seen that
the introduction of a single N atom in place of an As atom introduces a N resonant
defect level, about 230 meV above the conduction band edge (CBE) at room
temperature. Such a state can act as a resonant scattering centre [68], leading
to strong elastic scattering of electrons with energy close to the resonant state
energy [13]. The introduction of a N pair into GaAs, where two of a given Ga
atom’s neighbours are N, leads to a resonant defect level which is closer to the
CBE [7], and therefore strongly scatters electrons whose energy lies close to the
band edge [13].
Models for electron transport and mobility need to include the scattering
due to such a distribution of N states above the CBE in GaNxAs1−x. However,
in addition to acting as scattering centres, the N-related states also strongly
perturb the conduction band dispersion. It is possible to treat this change in
band dispersion in a reasonably straightforward way for low-ﬁeld transport and
mobility calculations [13], but we describe below how it is considerably more
diﬃcult to do so in the intermediate and high-ﬁeld case.
There are two aspects of the BAC model which introduce errors that become
signiﬁcant when treating high-ﬁeld mobility. Firstly, the BAC model in Eq. (3.1)
implicitly assumes an inﬁnite density of N atoms. Because there is no maximum
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cut-oﬀ wavevector, kc, Eq. (3.1) requires an inﬁnite density of N levels interact-
ing with the host matrix extended conduction states. Secondly, application of
Eq. (3.1) leads to an energy gap in the conduction band, just above the N reso-
nant state energy, EN . The presence of this energy gap conﬁnes carriers to the
lower of the two energy bands given by Eq. (3.1), placing an absolute upper limit
on the energy to which carriers can be accelerated in the BAC model.
More detailed analysis [34, 35, 60] and measurement [29] shows that this
energy gap does not occur in actual Ga(In)AsN samples. Instead, as shown
in earlier chapters, the gap is washed out because of disorder eﬀects and the
distribution of N levels. We calculate that the disorder due to the predominantly
N-related states which ﬁll the BAC energy gap leads to the states in the gap
being localised [60], in agreement with the conclusions of low temperature high-
ﬁeld electron transport measurements [15, 53–55].
A full model for high-ﬁeld transport in dilute nitride alloys would therefore
need to treat a conduction band structure which has extended states at energies
away from the N resonant levels, and bands of localised states at energies close to
the N resonant levels. It is very diﬃcult to treat such a continuous band of states
in conventional transport models, and we do not attempt to do so. Instead we
use and compare the results of two approaches, one of which is likely to provide a
lower bound on the eﬀects of N incorporation, while the second approach clearly
overestimates the eﬀects of N on the band structure.
For the ﬁrst approach, we ignore the eﬀect which N has on the conduction
band dispersion in GaNxAs1−x. We assume that the conduction band retains a
parabolic dispersion, but includes explicitly the strong resonant scattering asso-
ciated both with isolated N atoms and also with a full distribution of N states.
Our previous calculations have shown that the N resonant scattering leads to a
very short mean free path close to EN in GaNxAs1−x [13]. The consequences of
this short mean free path should be equivalent to those of carrier localisation.
The parabolic band dispersion allows carriers in this case to be accelerated at
suﬃciently high ﬁeld through the distribution of N levels up to higher energies
where the drift velocity is then limited by scattering from the Γ valley into the L
valleys [69, 70].
For the second approach, we calculate the intermediate and high-ﬁeld electron
transport properties of GaNxAs1−x using the BAC model to describe the band
structure. As noted above, this approach must fail at high ﬁelds, because it limits
the maximum energy to which carriers can be accelerated.
We present in the next section an overview of the band dispersion in GaNAs,
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based on using a Green’s function method to analyse the interaction between N
states and the GaAs host matrix conduction band states. We show how the cal-
culated band dispersion displays aspects of the two band structure models which
we use, supporting their use in transport calculations. We then present in § 6.3
a description of the Boltzmann transport equation method which we use to cal-
culate the electron mobility and velocity-ﬁeld characteristics in GaNxAs1−x. We
follow a method similar to that used by Conwell and Vassell [71, 72], solving the
Boltzmann equation using an orthogonal polynomial expansion of the angular
distribution of momenta to investigate the carrier transport with increasing elec-
tric ﬁeld. The comparison of the results calculated by this asymptotic solution
with the Monte Carlo method, for silicon, has already conﬁrmed the validity of
this method [73]. Moreover, we will show that this method, by the modiﬁcations
that we made, leads to a very similar results to those calculated by the Monte
Carlo method in the case of GaAs [74]. The earlier works approximated polar
optical relaxation by a simple Taylor series expression that causes inaccuracy in
the results [71]. In addition it solved the Boltzmann equation by expanding the
energy distribution function in a Taylor expansion. We use a more accurate ap-
proach here that avoids both these approximations, as described in § 6.3. We
also include in § 6.3 a description of the diﬀerent scattering processes included
in the calculation. These are all included completely in our formalism, avoid-
ing unphysical low-ﬁeld approximations used in the original application of the
method [71]. We present our main results in § 6.4, analysing the inﬂuence both
of N composition and of applied ﬁeld on the carrier transport characteristics. We
consider scattering both by isolated N atoms and also by a full distribution of
N states. We ﬁnd that it is necessary to include the full distribution of levels in
order to account for the small low-ﬁeld mobility and the absence of a negative
diﬀerential velocity regime observed experimentally with increasing N composi-
tion x. The model using the BAC model breaks down at intermediate and high
ﬁeld, due to the unphysical constraint of limiting carriers to the lower BAC band.
We ﬁnd for the parabolic band model that carrier scattering into the L bands is
reduced at intermediate electric ﬁelds but is comparable at high ﬁelds to that
observed in GaAs, with the calculated high-ﬁeld mobility and carrier distribution
then also being comparable to GaAs. Overall the results account well for a wide
range of experimental data. Finally we summarise our conclusions in § 6.5.
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6.2 Band structure of GaNxAs1−x
It has been shown in Chapter 5 that the conduction band structure of GaNAs
can be well described using the Green’s function method. We observed that
the energy broadening in Fig. 5.15 allows a means for electrons which are being
accelerated in the lower band to scatter into the upper band, consistent also with
there being a distribution of localised N-related states within this energy gap
region [60]. It can be seen that the band dispersion of Fig. 5.15 is intermediate
between the two models that we use. The ﬁrst model assumes a parabolic band
dispersion, with strong resonant scattering by N states. The E-k relation is given
in this case by
~
2k2
2m∗
= γ(E), (6.1)
where
γ(E) = E − Ec. (6.2)
This model underestimates the eﬀect of N on the band dispersion, but should
give a good description of the strong N scattering.
In the second approach, the E-k relation in Eq. (6.2) is given for the BAC
model by
γ(E) = E −Ec − V
2
Nc
E − EN , (6.3)
with the density of states D(E) given in terms of γ by
D(E) =
m∗3/2√
2π2~3
γ1/2(E)
dγ(E)
dE
. (6.4)
This relation overestimates the eﬀects of N on the band structure near EN . Ide-
ally, one should use the smeared band dispersion of Fig.5.15 with the Boltzmann
transport equation to describe the transport properties, but this is beyond the
scope of the present chapter. Instead, the Hamiltonian of Eq. (2.1) is very useful,
because it allows the analytical solution of the Green’s function model.
Determining the cut-oﬀ energy, Emax, in the BAC model is very critical [60].
As Emax approaches the nitrogen state energy the density of conduction states
and the integrated density of conduction states both diverge. We assumed that
each N state can interact with only one supercell host matrix state. As a result,
the volume of k-space included should be equal to the volume of the full Brillouin
zone times the N concentration, x. The maximum allowed wave vector is then
given by kmax = x1/32π/a0, where a0 is the GaAs lattice constant. Therefore, the
maximum energy of the lower band in the BAC model depends on N concentration
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as
Emax=
1
2
{
EN+Ec,max−
√
(EN− Ec,max)2+4V 2Nc
}
, (6.5)
where Ec,max = Ec + ~2k2max/2m
∗.
6.3 Transport calculation method
6.3.1 Boltzmann equation
We solve the Boltzmann transport equation to determine the response of the elec-
tron distribution to an applied electric ﬁeld. The distribution function f(k) gives
the probability that a band state at energy Ek will be occupied by a carrier. We
assume that, in the absence of an external ﬁeld the carriers are in thermal equi-
librium, so that f(k) is then given by the Fermi-Dirac distribution function. The
application of an external ﬁeld perturbs the distribution, with the distribution
evolving in time as
∂f(k)
∂t
=
(
∂f(k)
∂t
)
scatt
+
(
∂f(k)
∂t
)
F
, (6.6)
where the ﬁrst term on the left describes the eﬀects of carrier scattering, while
the second term describes the evolution of the distribution due to the applied
electric ﬁeld, which is related to the applied ﬁeld F as
(
∂f(k)
∂t
)
F
= −eF
~
.∇kf(k). (6.7)
The scattering term in Eq. (6.6) is given by [56]
(
∂f(k)
∂t
)
scatt
=
∫ {
S(k0,k)f(k0)[1− f(k)]
−S(k,k0)f(k)[1− f(k0)]
}
d3k0,
(6.8)
where S(k,k0) and S(k0,k) are the scattering rates k to k0 and vice versa. f(k)
is the probability that the state k is occupied and (1− f(k0)) is the probability
that k0 is not occupied. For the steady state, the rate at which electrons gain
energy from the ﬁeld must be equal to the rate at which they lose it to the lattice.
In order to solve the Boltzmann equation, Eq. (6.6), we assume that it is
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possible at each arbitrary ﬁeld F to expand the distribution function f in a series
of Legendre polynomials
f(k) =
∞∑
j=0
fj(E)Pj(cos θ), (6.9)
where Pj(x) is the Legendre polynomial of order j and θ is the angle between
wavevector k and electric ﬁeld F. The unknown functions fj can then be obtained
by solving the equations resulting from substituting for f in the above series.
Following the approach of Baraﬀ [75] and of Conwell and Vassell [71], we assume
that it is possible to drop all terms beyond j = 1 in this expansion, so that the
distribution function f(k) is then given by
f(k) = f0(E) + kFg(E), (6.10)
where kF is the component of k along the direction of the ﬁeld F. From Eq. (6.7)
and by replacing ~2k2F/m
∗ by its average 2γ/3, the rate of change of the distri-
bution due to the electric ﬁeld can be written as
(
∂f(k)
∂t
)
F
= −eF
~
{
g +
2
3
γ
(dγ/dE)
g′ +
~
2kE
m∗(dγ/dE)
f ′0
}
, (6.11)
where g′ and f ′0 are the energy derivatives of g and f0 respectively. Within the
relaxation time approximation, we assume that the net eﬀect of the collision
processes is to cause g(E) to relax with a time constant τ
(
∂f(k)
∂t
)
scatt
=
(
∂f0
∂t
)
scatt
−
(
kFg
τ
)
. (6.12)
Therefore the asymmetric part of the distribution function can be calculated from
g = −~eF
m∗
τ
(dγ/dE)
f ′0. (6.13)
Hence the rate of change of the symmetric part of the distribution function is
given by (
∂f0
∂t
)
F
=
2e2F 2
3m∗(dγ/dE)γ(E)1/2
d
dE
(
γ(E)3/2τ
(dγ/dE)
f ′0
)
, (6.14)
and where τ is the net relaxation time
1/τ =
∑
1/τi, (6.15)
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where τi is the relaxation time associated with the ith scattering process con-
sidered. We note that although we refer to relaxation times in Eq. (6.15) and
elsewhere in this chapter, these are all energy dependent relaxation times, deﬁned
as the inverse of a scattering rate and including (for polar optic phonons below)
inelastic scattering between initial and ﬁnal states at diﬀerent energies.
6.3.2 Scattering processes
We consider four diﬀerent scattering processes when modeling electron transport
in GaNAs, namely scattering by (i) N resonant states, (ii) polar optical phonons,
(iii) acoustic phonons, and (iv) intervalley scattering between the Γ valley and
the four L valleys. Previous work [13] has shown that scattering by localised
N states plays a signiﬁcant role in carrier transport in GaNAs. Also, similar to
GaAs, phonon scattering, especially longitudinal optical (LO), scattering must
be considered as an important collision process [33, 34]. We additionally consider
intervalley scattering between the Γ valley and the four L valleys, which becomes
increasingly important at higher ﬁelds. Finally, we also include scattering by
acoustic phonons (AP), which is important particularly in the L valley of GaAs,
and also important in the BAC model.
6.3.2.1 Nitrogen scattering
We saw in § 6.2 that N strongly perturbs the conduction band of GaAs, introduc-
ing a distribution of resonant N states above the conduction band edge. These N
states act as resonant scattering centres. Using Fermi’s golden rule, the scatter-
ing rate for carriers at energy E due to a N resonant state at energy E ′N is given
by Eq. (2.13). We use two diﬀerent models for N scattering in our calculations.
Firstly, we presume that all N states are at the same energy, so that the scattering
strength due to M nitrogen atoms is then just M times the rate for a single N
atom, as given in Eq. (2.13). Secondly, we use the distribution of N states, de-
termined from tight-binding calculations [13] to calculate the scattering rate due
to this distribution of states. Fig. 2.4 shows the calculated energy dependence of
the scattering rate for several diﬀerent N compositions, with the zero of energy in
each case taken to be at the bottom of the GaNAs conduction band (equivalent
to setting the lower eigenvalue of Eq. (3.1) as the zero of energy).
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6.3.2.2 Polar optical scattering
Using Eqs. (6.8) and (6.12), the polar optical scattering operator of the symmetric
part of the distribution function is given by [71]
(
∂f0
∂t
)
po
=
(2m∗)1/2ωe2
4πǫp~γ1/2(E)

{ (n(ω) + 1) f0(E + ~ω)
−n(ω)f0(E)
}
coth−1
(
γ(E + ~ω)
γ(E)
)1/2(
dγ
dE
)
E+~ω
+θ (E − ~ω)
{
n(ω)f0(E − ~ω)− (n(ω) + 1) f0(E)
}
tanh−1
(
γ(E − ~ω)
γ(E)
)1/2 (
dγ
dE
)
E−~ω

,
(6.16)
and the general form of the momentum relaxation rate, neglecting the wavevector
dependence of the cell periodic part of the Bloch function, is given by calculating
the rate of change of the asymmetric part of the distribution function, as [71]
1
τpo
=
e2ω2(2m∗)1/2
8πǫpγ1/2(E)

n(ω)
(
dγ
dE
)
E+~ω


(
γ(E + ~ω)
γ(E)
)1/2
−
(
γ(E + ~ω)− γ(E)
γ(E)
)
coth−1
(
γ(E + ~ω)
γ(E)
)1/2

+θ (E − ~ω) {n(ω) + 1}
(
dγ
dE
)
E−~ω


(
γ(E − ~ω)
γ(E)
)1/2
−
(
γ(E − ~ω)− γ(E)
γ(E)
)
tanh−1
(
γ(E − ~ω)
γ(E)
)1/2


 ,
(6.17)
where θ (E − ~ω) is the step function, ~ω is the optical phonon energy, and
the phonon mode occupation number n(ω) is given by the Bose factor n(ω) =
1/[exp(~ω/kBTL) − 1] where kB is Boltzmann’s constant and TL is the absolute
temperature of the lattice, and ǫp is given by
1
ǫp
=
1
ǫ0
( 1
κ∞
− 1
κ0
)
. (6.18)
Here ǫ0 is the permittivity of free space and κ0 and κ∞ are the low and high fre-
quency dielectric constants respectively. Conwell and Vassell had to approximate
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Figure 6.1: Polar optical scattering rate calculated for parabolic central valley of
GaAs and lower BAC band of GaNxAs1−x with x = 1.2%.
Eq. (6.17) by including terms just to lowest order of (E ± ~ω) in the Boltzmann
equation. Later Monte-Carlo calculations [74] showed that this is not a good
approximation, so we use Eq. (6.17) with no approximation in our calculations.
The dashed blue line in Fig. 6.1 shows the polar optical scattering rate for a
parabolic band (γ(E) = E and dγ/dE = 1), while the solid red curve shows
this scattering rate when using the nonparabolic band dispersion from the BAC
model of Eq. (6.3) for a N composition x = 1.2%.
6.3.2.3 Intervalley scattering
In GaAs the four degenerate L valleys are located about 0.3 eV above the central,
Γ, valley. In high electric ﬁeld, carriers are accelerated to high energies in the
Γ valley. When the carriers are above the L valley minimum energy, then inter-
valley scattering becomes possible, including both Γ-L and L-L scattering. For
scattering from the initial valley i to the ﬁnal valley f , the intervalley phonon
energy, ~ωif , can be assumed to be constant and its value is given in Table 6.1,
with the intervalley scattering rate given by [71, 76]
1
τif
=
πD2ifZf
2ρωif
(
n(ωif) +
1
2
∓ 1
2
)
Df
(
E −∆Efi ± ~ωif
)
, (6.19)
whereDf is the density of states in the ﬁnal valley, Zf is the number of ﬁnal valleys
available for scattering, n(ωif ) is the number of intervalley phonons (given by the
Bose-Einstein factor), and ∆Efi is the energy separation between the ﬁnal valley
79 Masoud Seifikar
6. Intermediate and high field mobility
0 0.2 0.4 0.6 0.8 110
0
101
102
E (eV)
1/
τ 
(1/
ps
)
 
 
1/τΓL
1/τLL
Figure 6.2: Equivalent, L−L, and non-equivalent, Γ−L, intervalley scattering
rates for parabolic Γ and L valleys in GaAs
f and initial valley i band edges. (∆Efi is zero for intervalley scattering between
equivalent valleys.) Fig. 6.2 shows the calculated intervalley scattering rates for
parabolic bands in GaAs.
Also using Eq. (6.8), the term due to intervalley scattering from initial valley,
i to ﬁnal valley, f is given by [71]
(
∂fi
∂t
)
i⇄f
=
πD2ifZf
2ρωif

Df
(
E −∆Efi + ~ωif
)[(
n(ωif) + 1
)
×ff (E + ~ωif)− n(ωif)fi(E)
]
+Df
(
E −∆Efi − ~ωif
)
×
[
n(ωif )ff(E − ~ωif)−
(
n(ωif) + 1
)
fi(E)
]
.
(6.20)
6.3.2.4 Acoustic phonon scattering
We can reasonably assume that the acoustic phonon (AP) scattering is elastic
near room temperature, with the AP scattering rate given by [49, 76]
1
τAP
=
πD2AkBTL
~cl
D(E), (6.21)
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Figure 6.3: Acoustic phonon scattering rates for Γ and L parabolic bands in
GaAs, and lowest BAC band for GaNxAs1−x with x = 1.2%.
where DA is the electron acoustic deformation potential, and D(E) is the density
of states deﬁned in Eq. (6.4). The elastic constant, cl, is related to the sound
velocity, vs, and mass density, ρ by: cl = ρ×v2s . Fig. 6.3 shows calculated acoustic
phonon scattering rates, using parameters given in Table 6.1, in parabolic Γ (solid
red curve), and L (dashed blue line) valleys. As we see in the ﬁgure, because of
the heavier eﬀective mass in the L valley, the relaxation time associated with AP
scattering is much smaller there than in the Γ valley. Finally, the green dotted
dashed line in Fig. 6.3 shows the calculated AP scattering rate in the lower band
of the BAC model for x = 1.2%. The strong increase in scattering rate seen at
all energies arises because of the increased density of states in the BAC model
compared to the parabolic band model.
6.3.3 Transport calculation method
We describe here the calculation method which we use, taking as an example the
case of GaAs with parabolic Γ and L bands. The Boltzmann equation for the Γ
valley can be written as
(
∂fΓ
∂t
)
=
(
∂fΓ
∂t
)
F
+
(
∂fΓ
∂t
)
P O
+
(
∂fΓ
∂t
)
Γ⇄L
, (6.22)
where fΓ is the symmetric part of the distribution functions in the central (Γ)
valley of GaAs. The rate of change of the distribution function due to the electric
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ﬁeld is given by Eq. (6.14), while the change due to the polar optical and inter-
valley scattering terms are given by Eqs. (6.16) and (6.20) respectively. Because
we assume a parabolic Γ valley for GaAs, γ(E) = E, and dγ/dE = 1.
The relaxation time in Eq. (6.11) is then given in its most general form by
1
τΓ
=
1
τP O
+
1
τΓL
+
1
τAP
+
1
τN
, (6.23)
with the last term on the right hand equal to zero for GaAs.
The Boltzmann equation for the symmetric part of the distribution function
in the L valley can likewise be written as
(
∂fL
∂t
)
=
(
∂fL
∂t
)
F
+
(
∂fL
∂t
)
scatt
, (6.24)
where (
∂fL
∂t
)
F
=
2e2F 2
3m∗L(E −EL0)1/2
d
dE
(
(E −EL0)3/2τLf ′L
)
, (6.25)
and where the collision operator is found by summing over the diﬀerent scattering
Table 6.1: transport parameters in GaAs
Parameter Symbol V alue
Mass density [77] ρ 5.36 (g/cm3)
Lattice constant [77] a0 5.462 (Å)
Dielectric constant [77]
High frequency κ∞ 10.92
Low frequency κ0 12.90
Sound velocity [77] vs 5.24× 105 (cm/s)
Electron eﬀective mass [78]
Γ valley m∗ 0.067(m0)
L valley m∗L 0.286(m0)
Acoustic deformation potential [76]
Γ valley DA,Γ 7.01 (eV)
L valley DA,L 9.2 (eV)
Optical deformation potential [76]
Γ− L DΓ−L 1.0×1011 (eV/m)
L− L DL−L 1.0×1011 (eV/m)
LO phonon energy [76] ~ω 35.36 (meV)
Intervalley phonon energy [76]
Γ− L ~ωΓL 27.8 (meV)
L− L ~ωLL 29.0 (meV)
Energy separation between
Γ and L valleys [79] ∆EΓL 284 (meV)
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processes as
(
∂fL
∂t
)
scatt
=
(
∂fL
∂t
)
P O
+
(
∂fL
∂t
)
L⇄Γ
+
(
∂fL
∂t
)
L⇄L
, (6.26)
with the relaxation time then given by
1
τL
=
1
τAP
+
1
τΓL
+
1
τLL
, (6.27)
To calculate the distribution functions in the Γ and L valleys, we have solved
the time dependent coupled diﬀerential equations, Eqs. (6.22) and (6.24) us-
ing the ﬁnite diﬀerence method. We assume a Maxwell-Boltzmann distribution,
exp(−E/kBT ), for the distribution functions fΓ(E) and fL(E), in zero electric
ﬁeld, F = 0. We then calculate how the distribution evolves with increasing ﬁeld,
using the calculated distribution at the ith ﬁeld value, F = Fi as the starting
distribution for ﬁeld Fi+1 = F +∆F , and then integrating the coupled equations
until we reach the steady state distribution at ﬁeld Fi+1. We use an energy step
size δE = 0.1~ω, and set Emax = 1.06 eV. i.e. for energies higher than that,
fΓ(E) = fL(E) = 0. The time step size and the number of time loops varies with
the shape of the band, the electric ﬁeld strength, and the scattering processes
included.
Figure 6.4 shows the calculated distribution functions in the parabolic Γ and
L valleys in GaAs at diﬀerent values of electric ﬁeld strength, from zero up to
F = 70 kV/cm. All distributions are normalized to fΓ(0), and we have used
the transport parameters given in Table 6.1. The lowest (red) lines show the
distribution functions in the Γ band (dashed red line), and L band (solid red
line) at zero ﬁeld. For ﬁelds up to about 20 kV/cm, f(E) remains parallel to
that for F = 0 above the bottom of the L valley, indicating that ﬁelds up to
this value do not cause any signiﬁcant acceleration of higher-energy electrons.
Despite ignoring the band nonparabolicity in GaAs and minor diﬀerences in the
transport parameters that we use, the results in Fig. 6.4 are very similar to those
previously calculated using the Boltzmann equation [71, 80], and the Monte Carlo
method [74, 81], conﬁrming that our method therefore provides a good basis to
investigate the eﬀects of N on intermediate and high ﬁeld transport in GaNxAs1−x.
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Figure 6.4: Distribution functions in Γ (dashed lines), and L valley (solid lines)
of GaAs for increasing values of electric ﬁeld. The numbers on each curve denote
the electric ﬁeld strength in kV/cm.
6.4 Transport results
We investigate in this section the inﬂuence of N scattering on the overall room
temperature transport characteristics of GaNxAs1−x alloys for a range of N com-
positions, from x = 0.1% to x = 2.0%. We ﬁrst use the parabolic band model,
described in § 6.2, to analyse the inﬂuence of N scattering, including its eﬀect
on the carrier distribution functions, carrier mobility as a function of applied
ﬁeld, and variation of drift velocity with applied ﬁeld up to high electric ﬁelds
(F = 70 kV/cm). We then repeat the analysis using the BAC model, in order
to see whether there are any signiﬁcant diﬀerences between the two approaches.
Although the overall energy distribution of carriers is clearly very diﬀerent at
high ﬁeld in the two models, we ﬁnd very similar overall conclusions regarding
carrier mobility and drift velocity as a function of ﬁeld using the two approaches.
6.4.1 Carrier energy distribution
Figure 6.5 shows the calculated distribution functions in the parabolic Γ and L
valleys at F = 20 kV/cm, and including various scattering processes. This ﬁeld
was chosen because, in the absence of N scattering, it gives an almost constant
electron distribution function in the Γ valley, as shown by the highest (dashed
red) line in Fig. 6.5. The middle (blue) lines show the calculated distribution
functions when scattering by isolated N states is included (all N resonant states
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Figure 6.5: (color online) Distribution functions in Γ (dashed lines), and L valley
(solid line) in GaNxAs1−x (x=1.2%), at F = 20 kV/cm without N scattering (thin
red lines), including only isolated N scattering (blue lines), and scattering by the
full distribution of N states (thick green lines).
assumed to be at the same energy, EN). The lowest (green) lines show the Γ and
L distribution functions, including scattering by the full (LCINS) distribution of
N states shown in Fig. 2.4. These results conﬁrm that the inclusion of elastic
scattering by N states can, at intermediate electric ﬁelds, strongly suppress the
acceleration of electrons to higher energies in GaNxAs1−x, with the proportion of
carriers in the L valley down by over two orders of magnitude in this case.
This conclusion is conﬁrmed by Fig. 6.6, which shows the calculated average
energy of electrons in the Γ band in GaNxAs1−x as a function of electric ﬁeld
strength up to F = 30 kV/cm, for diﬀerent values of x, and including resonant
scattering by the full LCINS distribution of N states. It can be seen for x = 0
(GaAs) that the average energy initially increases much more rapidly with F
than is the case for x > 0, and remains consistently higher at all ﬁelds. Using
these distribution functions, we can calculate the ratio of the number of carriers,
nΓ in the Γ valley to the total number of carriers, nΓ + nL as a function of
applied ﬁeld. Fig. 6.7 shows the evolution of this ratio as a function of ﬁeld for
the diﬀerent values of x considered, again including resonant scattering by the
full LCINS distribution of N states. It can be seen that the calculated onset of
scattering into the L valley occurs at a higher ﬁeld in GaNxAs1−x (∼ 6 kV/cm)
compared to GaAs (∼ 2 kV/cm) and also that the transfer occurs over a much
wider ﬁeld range in GaNxAs1−x, with 50% of the carriers estimated to be still in
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Figure 6.6: Average energy versus electric ﬁeld in the central band of GaNxAs1−x
for diﬀerent value of x, in parabolic band model with scattering by full distribution
of N states.
the Γ valley at ∼ 25 kV/cm, compared to 50% having transferred by ∼ 5 kV/cm
in GaAs. This conﬁrms the initial suggestion by Adams [14] that the presence of
N should suppress carrier acceleration to higher energy in GaNAs compared to
GaAs. However, the threshold ﬁeld for signiﬁcant impact ionization in GaAs is
estimated to be of order 100 kV/cm, and it can be seen from Fig. 6.7 that the
majority of electrons are calculated to have been transferred into the L valley
by this ﬁeld in GaNxAs1−x. This is consistent with the experimental observation
that the electron multiplication rate is not strongly modiﬁed in GaNAs compared
to GaAs [52].
6.4.2 Electron mobility and drift velocity: parabolic band
model
Given the carrier distribution function, the current density associated with valley
i can then be calculated as
ji = −23e
2F
∫ γi(E)τ i
m∗i (dγi/dE)2
dfi(E)
dE
N i(E)dE, (6.28)
where m∗i and τ
i are respectively the eﬀective mass and total relaxation time in
the band. Given the current density, we can then calculate the mobility µ as a
function of ﬁeld F as µ = jtot/ntoteF , where jtot is the current density and ntot
the carrier density summed over all valleys.
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Figure 6.7: Fraction of carriers in the Γ valleys, for diﬀerent values of x in
GaNxAs1−x, and parabolic Γ and L bands.
Figure 6.8 (a) shows the calculated variation of mobility with applied ﬁeld
F for several values of x, assuming scattering by isolated N states only, while
Fig. 6.8 (b) shows the calculated variation when scattering by a full distribution
of N states is included. In the absence of N scattering, the low ﬁeld mobility,
around 12000 cm2/Vs, is higher than the accepted value for GaAs carrier mobility
(∼ 8000 cm2/Vs). This overestimate of the mobility has a number of causes,
including our ignoring the nonparabolically of the bands. It can be seen that
inclusion of even a small amount of nitrogen causes a drastic reduction in the low
ﬁeld electron mobility. Although the calculated mobility values for GaNxAs1−x
remain larger than those calculated by Fahy et al. for the case of scattering
by isolated N states [46, 47] they are in very good agreement for the case of
scattering by the full LCINS distribution of N states [13]. It can be seen that
the calculated mobility decreases with increasing ﬁeld for all N concentrations, x,
both due to the strong eﬀects of N scattering at higher energies in the Γ valley,
and also due to increased electron scattering into the lower mobility L valleys.
There is no evidence whether N-related resonant scattering is of importance in
the L valley, so we therefore do not include any such scattering in the calculations
here. Inclusion of N scattering in the L valley could lead to a further reduction in
the overall mobility, but this eﬀect is unlikely to be signiﬁcant, given the strong
eﬀect of other scattering mechanisms in the L valley. However, we note that the
proximity of the N resonance to the L-valley minimum, along with the relatively
large eﬀective mass and density of states there, would give rise to a substantially
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Figure 6.8: Electron mobility, for diﬀerent values of x in GaNxAs1−x in parabolic
band model including; (a) scattering by isolated N states, and (b) scattering by
a full LCINS distribution of N states.
larger N-related scattering rate for carriers in the bottom of this valley, compared
to the Γ-valley. There is considerable interest in the variation of the drift velocity
vd with applied electric ﬁeld in GaAs and in GaNxAs1−x, and in particular the
extent to which a negative diﬀerential drift velocity may be possible in the latter
case [15, 22, 55]. The total drift velocity can be calculated as
vd =
jΓ + jL
e(nΓ + nL)
, (6.29)
Figure 6.9 shows the calculated ﬁeld dependence of the drift velocity in
GaNxAs1−x with x = 1.2%, for parabolic Γ and L valleys, without and with
N scattering.
The dot-dashed red line in this ﬁgure shows the calculated variation of vd
for GaAs, assuming a parabolic Γ band and no N scattering. This curve shows a
very similar behaviour to that previously calculated [71, 74] and measured [82] for
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Figure 6.9: Calculated variation of drift velocity with electric ﬁeld for GaAs in
comparison with GaN0.012As0.988 with scattering by isolated N, and full LCINS
distribution of N states in parabolic band model.
GaAs, with the drift velocity showing a rapid linear increase at low ﬁelds, before
it reaches a peak value and then decreases rapidly, to less than 40% of its peak
value, as scattering into the L valley becomes important close to F = 5 kV/cm.
When we include scattering due to isolated N atoms (dashed blue line), the peak
in the drift velocity occurs at a lower velocity and higher ﬁeld value. Including
scattering by a full distribution of N states suppresses the negative diﬀerential
velocity. There is still a small calculated decrease in velocity at higher ﬁeld, but
the maximum magnitude of this calculated decrease, |dvd/dF |, is down by over
an order of magnitude compared to the N-free case. Given that the model we
are using overestimates the low ﬁeld mobility compared to previous calculations,
we conclude that a ﬁeld region with negative diﬀerential velocity is then highly
unlikely for x = 1.2%, in agreement with experimental analysis [57].
Figure 6.10 presents the calculated variation of drift velocity with ﬁeld for
several nitrogen concentrations, x, where we include in this case scattering by
the full distribution of N states. It can be seen that the inclusion of even just
0.1% of N causes a reduction in the peak value, and shifts it to higher ﬁeld, with
an even stronger reduction and complete elimination of the negative diﬀerential
ﬁeld region at higher compositions, as we see no NDV for 1.2 and 2.0%.
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Figure 6.10: Drift velocity versus electric ﬁeld in GaNxAs1−x for diﬀerent values
of x in parabolic band model, including scattering by the full distribution of
nitrogen states.
6.4.3 Electron mobility and drift velocity: BAC model
The parabolic band model used to this point correctly allows electron acceleration
to higher energies, but ignores the conduction band non-parabolicity expected in
dilute nitride alloys. To investigate the eﬀects of band non-parabolicity, we now
use the BAC model to calculate the ﬁeld dependence of the carrier distribution
function, mobility and drift velocity.
The distribution function for electrons conﬁned in the lower band of the BAC
model can be calculated by solving the Boltzmann equation as
(
∂f0
∂t
)
BAC
=
(
∂f0
∂t
)
F,BAC
+
(
∂f0
∂t
)
P O,BAC
, (6.30)
where the electric ﬁeld and scattering terms are given by Eqs. (6.14) and (6.16),
respectively. The nonparabolicity factor, γ(E), is given in this case by Eq. (6.3),
and the relaxation time can be obtained as
1
τBAC
=
1
τP O
+
1
τAP
+
1
τN
. (6.31)
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Figure 6.11: Distribution function in the lower band of BAC model in
GaN0.012As0.998 at F = 20 kV/cm, in the absence of N scattering (dashed-dotted
red line), including scattering by isolated N (dashed blue line), and full distribu-
tion of N states (solid green line).
The polar optical and acoustic phonon scattering rates are given by Eqs. (6.17)
and (6.21), respectively. Also, 1/τN = R(E) represents the assumed N scattering
rate, which varies depending on whether we just include scattering by isolated
nitrogen levels, or treat the full distribution of N levels, as presented in Fig. 2.4.
We solve the time dependent equation for the distribution function, Eq. (6.30),
in a similar way to that done for the parabolic band model, with the maximum
(cut-oﬀ) energy of the band Emax, given by Eq. (6.5), e.g. Emax = 361 meV for
x = 1.2%.
The dashed-dotted red line in Fig. 6.11 shows the symmetric part of the
distribution function calculated using the BAC band structure for GaNxAs1−x
with x = 1.2% and F = 20 kV/cm, with no N scattering included. The middle
(dashed blue) line shows the calculated distribution function including scattering
by isolated N states, while the lowest (solid green) line shows the distribution
function calculated assuming scattering by the full distribution of N states. These
results show a greater suppression of electron acceleration, compared to the results
calculated using the parabolic band model (see Fig. 6.5).
Figure 6.12 shows the mobility calculated for diﬀerent nitrogen concentra-
tions, x, using the BAC band structure model, including resonant scattering by
a distribution of N states. It can be seen that the calculated low-ﬁeld mobility is
reduced here, in most cases by about 40%, compared to the values in Fig. 6.8 (b).
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Figure 6.12: Electron mobility in the lower Band of BAC model, including scat-
tering by full distribution of N states, for diﬀerent values of x in GaNxAs1−x.
This reduction arises due both to the band nonparabolicity in the BAC model,
and also due to the increased band edge mass in the BAC model compared to the
parabolic band model used in Fig. 6.8 (b), which assumed an electron mass equal
to that in GaAs. These low-ﬁeld mobilities are very similar to those calculated
by Fahy et al. [13] using the full distribution of N states and a parabolic band
model with the BAC band edge eﬀective mass. The mobility again decreases
with increasing ﬁeld in the BAC model, associated in this case with electrons
approaching the ﬂat band dispersion at the top of the BAC band. Since the
localised state spectrum and the position of the conduction band edge change
substantially with nitrogen concentration, the observed trends in the variation of
mobility is not monotonic, i.e. the mobility may not necessarily increase when
the nitrogen concentration decreases, as seen in Figs. 6.8 and 6.12.
Figure 6.13 shows the electric ﬁeld dependence of the drift velocity in
GaNxAs1−x for x = 1.2%, calculated using the BAC model. The dashed-dotted
red line shows the drift velocity calculated in the BAC model, omitting the eﬀects
of N scattering. It can be seen that the BAC band nonparabolicity, and ﬁnite
cut-oﬀ energy, Emax, lead in this case to a negative diﬀerential velocity above a
ﬁeld F = 7 kV/cm. This behaviour is similar to that calculated previously us-
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Figure 6.13: Electric ﬁeld dependence of drift velocity in the lower band of BAC
model in GaN0.012As0.998, in the absence of N scattering (dashed-dotted red line),
including scattering by isolated N (dashed blue line), and full distribution of N
states (solid green line).
ing detailed balance equations [15] and assuming energy-independent scattering
times. The blue dashed line shows the calculated drift velocity including scatter-
ing by isolated N levels, while the solid green line shows the eﬀect of including
scattering due to the full LCINS distribution of N levels. It can be seen that both
of these reduce the calculated peak velocity value, shifting it also to a slightly
higher ﬁeld, and leading to a substantial reduction in the velocity-ﬁeld slope value
in the negative diﬀerential velocity region.
Figure 6.14 shows the drift velocity versus electric ﬁeld calculated for various
values of x in GaNxAs1−x using the BAC model, and including scattering due
to the LCINS distribution of N states. For comparison, the solid red line shows
the drift velocity of GaAs, calculated using the parabolic band model. It can
be seen that using the BAC model and including nitrogen scattering leads to
a much reduced peak velocity for all N compositions. It can be noted that,
whereas the calculated drift velocity begins to increase again with increasing ﬁeld
in GaAs, it continues to decrease to higher ﬁeld in the N-containing samples. This
continued reduction occurs because the BAC model used in Fig. 6.14 includes the
unphysical assumption that carriers cannot be accelerated to energies above Emax.
An increasing proportion of carriers are then found near to the top of the BAC
band with increasing ﬁeld, where the large mass and strong N scattering then
limit the calculated drift velocity value.
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Figure 6.14: Electric ﬁeld dependence of drift velocity in BAC model, including
scattering by full distribution of N states, in GaNxAs1−x with diﬀerent values of
N concentration x.
6.5 Discussion and conclusions
It is well recognized that modeling of electron transport properties in dilute nitride
alloys is diﬃcult [83], because N introduces such a strong perturbation to the
conduction band dispersion, with the inﬂuence of N often described using the
band-anticrossing model [9]. The low-ﬁeld mobility of GaNAs has previously been
calculated using both parabolic band [13, 16] and BAC [16, 34, 35] approaches.
Both methods predict a strongly reduced electron mobility in GaNAs compared
to GaAs, in good agreement with experiment, for which typical mobility values
are in the range ∼ 100− 200 cm2/Vs.
There is also interest in the intermediate and high-ﬁeld transport properties
of dilute nitride alloys, both for potential negative diﬀerential (NDV) devices [15],
and also for suppression of electron multiplication in avalanche photodiodes [14].
Theoretical analysis of such structures requires an understanding of the behaviour
of higher energy electrons in GaNAs alloys.
In order to address this problem, we therefore ﬁrst considered here the band
structure of dilute nitride alloys, using a Green’s function model in § 6.2 to address
the conduction band dispersion in random alloys. We showed that the BAC model
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describes well the band dispersion away from N resonant state energies, but that
the energy gap predicted by the BAC model does not occur in actual Ga(In)AsN
samples. Instead, the gap is washed out both because of disorder eﬀects and also
because the N levels are broadened, due to their being resonant with the host
matrix conduction band levels.
It is very diﬃcult to treat the Green’s function band structure exactly in
conventional transport models, and we did not attempt to do so. Instead we use
and compare the results of two approaches, one of which is likely to provide a
lower bound on the eﬀects of N incorporation, while the second approach clearly
overestimates the eﬀects of N on the band structure.
For the ﬁrst approach, we assumed that the conduction band retains a
parabolic dispersion, but included explicitly the strong resonant scattering as-
sociated both with isolated N atoms and also with a full distribution of N states,
calculated using a tight-binding approach. We showed that the N-related elastic
scattering strongly limits the mobility and the acceleration of electrons to higher
energy, with the initial transfer of carriers to the L bands occurring at higher ﬁeld
than for GaAs, and with a much higher ﬁeld also being required to achieve close
to total carrier transfer to the L bands.
This reduction in low-ﬁeld mobility and slower rate of carrier transfer to the
L bands leads to a suppression of the strong negative diﬀerential velocity (NDV)
eﬀects observed in GaAs, consistent with NDV only being observed to date in
GaNAs at very low N composition (x ∼ 0.2%) and temperature.
We nevertheless ﬁnd at the high ﬁelds required for avalanche multiplication
that the calculated fraction of carriers in the L bands is comparable in GaNAs
and in GaAs, consistent with the experimental observation that electron multipli-
cation in GaNAs samples shows similar behaviour to that observed in GaAs [52].
The results of this parabolic band model were then compared with calculations
using the highly non-parabolic band dispersion given by the BAC model, where
the carriers are constrained to remain in the lower BAC band, at energies below
the normal N resonant state energy. These calculations show that the inclusion
of a strongly non-parabolic band dispersion with N resonant scattering further
reduces the low-ﬁeld mobility compared to the parabolic band case. The results
of the BAC-based calculations are not however expected to be relevant at high
ﬁelds, because of the unphysical constraint of limiting the electron acceleration
to a maximum cut-oﬀ energy.
We conclude for lower N concentration, in agreement with previous Monte-
Carlo calculation [16, 58] and experimental results [15], that NDV can still be
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present, but at higher electric ﬁelds than those where NDV occurs in GaAs.
However, for higher N concentration NDV disappears, in agreement with experi-
mental measurement [57].
Overall, we conclude that it remains a challenging problem to describe exactly
intermediate- and high-ﬁeld carrier transport in dilute nitride alloys, including
details of the conduction band dispersion such as we presented in § 6.2. Never-
theless, the combination of information from the two models which we use here
provides a clear analysis of the strong inﬂuence of N scattering on electron trans-
port in dilute nitride alloys, consistent with the observed experimental behaviour
across the complete range of electric ﬁelds considered. In Chapter 7 we will fur-
ther investigate the band structure of GaNAs by ﬁnding the complex poles of the
SCGF method presented in Chapter 5. We then calculate the band dispersion,
scattering rate and mobility of carriers using this method.
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Band dispersion, scattering rate
and carrier mobility using the
poles of the Green’s function
7.1 Introduction
In Chapter 6, we calculated electron mobilities using two approximate models
of the carrier band dispersion and scattering: the parabolic band model and the
BAC model. In the parabolic band model, we ignored the eﬀects of the localised
states on the band dispersion and included only their eﬀect on the carrier scat-
tering rate. In the BAC model, we included principally the eﬀect on the band
dispersion, while calculating the nitrogen scattering rate approximately from sec-
ond order perturbation theory. In this chapter we calculate the carrier band
dispersions and scattering rates in a self-consistent manner from the (complex)
poles of the Green’s function Gkk discussed in Chapter 5. This allows us to take
into account the eﬀects of nitrogen-induced states on both the band dispersion
and carrier scattering. We ﬁnd poles of Gkk at complex energies εp(k). We in-
terpret the real part of εp(k) as the physical (average) energy of a carrier state
of momentum k and the imaginary part (multiplied by −2/~) as the scattering
rate due to disorder.
We then use these band dispersions and scattering rates in a semiclassical cal-
culation of the carrier mobility, obtained from the Boltzmann Transport Equation
in the relaxation time approximation, in an approach formally similar to that used
in Ref. [13], where a parabolic model of the band dispersion was used. Our results
show a shorter carrier mean free path and lower carrier mobility for GaNAs, com-
pared with those obtained in Ref. [13], agreeing more closely with experimental
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measurements of the carrier mobility.
To ﬁnd the poles εp(k), where G
−1
kk (εp(k)) = 0, we need to solve for the self-
consistent Green’s function (SCGF) at complex energies. In ﬁnding the density
of states in Chapter 5, we determined the self-consistent Green’s function for real
values of the energy using an iterative search method to solve the self-consistent
equations (Eqs. (5.2) and (5.3)) involved. We found that this iterative search
method converged well for the range of energies of interest. However, there is
no general guarantee that such a method will converge for arbitrary complex
energies. (Indeed, there was no guarantee in advance that it would converge
for real energies, but we found empirically that it did.) In ﬁnding the complex
poles, it turns out that we can simplify the problem, making use of a particular
property of the integrated Green’s function, Gcb(E) =
∫
Gkk(E)d3k, namely that
it depends on the E only through the quantity γ = G−1kk + Ek, where Ek =
~
2k2/2m∗. Thus, for each k, since G−1kk = 0 at the pole, the (self-consistent) value
of γ that we require at the pole energy is simply Ek. (We note that this approach
is valid only at the poles and does not allow determination of the Green’s function
at other values of the complex energy.) This substantially simpliﬁes the numerical
problem of determining the pole energies, εp(k), as discussed in § 7.3.1, below.
The object of this chapter is to calculate charge transport properties taking
into account the scattering rates and energy shifts of the carrier bands, calculated
in a self-consistent manner. Band dispersions and scattering rates are obtained
from the poles of the Green’s functions, and compared with simple parabolic and
BAC models of the bands.
We present in the next section the SCGF method with complex energy, and
then in § 7.3 and § 7.4 we calculate the poles of Green’s function, for two-level
and LCINS models, respectively. Thereafter in § 7.5, we calculate the rates for
electron scattering by N states, and derive the n-type carrier mobility and mean
free path for GaNx As1−xalloys in § 7.6. Finally we summarize and conclude in
§ 7.7.
7.2 The poles of the SCGF
7.2.1 The self-consistent Green’s function method
We have already shown in § 5.2 that the Green’s function for extended states k
and localised states j are given by Eqs. (5.2) and (5.4), respectively. Also the
(complex) energy shift of each localised state j is given by Eq. (5.3).
We solved equations (5.2) and (5.3) self-consistently by an iterative search
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numerical procedure, as they do not in general admit an analytical solution.
Having calculated ∆Ej(E), the density of states projected onto extended and
localised states can be calculated by Eqs. (5.8) and (5.9), respectively. The results
in Chapter 5 for the DOS, calculated in the two-level SCGF method, showed
excellent agreement with the DOS, calculated by numerical diagonalisation of
the Hamiltonian of random supercells, and conﬁrms the validity of this method.
Once we have the Green’s function, we can calculate a variety of physical
properties of our system. Of particular importance in transport calculations are
the poles of the Green’s function, where G−1kk (εp) = 0, in the lower-half complex
plane: the real part of εp equals the energy of the state with momentum k and
the (negative) imaginary part is −~/(2τk), where τk is the lifetime [84, p. 275].
Having these poles εk of the Green’s function, we are then able to determine the
group velocity and decay rate of carrier states and, using these in a semi-classical
Boltzmann transport equation, we can calculate the carrier mobility.
To calculate the poles of the GF, we consider a complex energy, ε = E + iδ,
instead of real energy E in Eqs.(5.2) and (5.3), where E = ℜ[ε] and δ = ℑ[ε].
We then have the self-consistent equations for complex ε
Gkk(ε) =

ε− Ek − 1Nc
∑
j
|Vj|2
ε− Ej −∆Ej(ε)


−1
. (7.1)
and
∆Ej(ε) =
|Vj|2
Nc
∑
k
Gkk(ε), (7.2)
We have considered two diﬀerent methods of ﬁnding the poles of Green’s func-
tion. In the ﬁrst method, we ﬁnd εp using a complex eigenvalue method which is
explained in the next section. We present an alternative iterative search method
(analogous to that used in Chapter 5) of ﬁnding the poles in Appendix B. In this
method we search numerically for zeros of G−1kk , by ﬁnding ∆Ej(ε) for all values
of real and imaginary part of the complex energy ε by an iterative search method.
Where both methods converge their results agree well, but the convergence of the
second method tends to fail near band edges.
7.3 The two-band model
Here we ﬁrst consider the two-level model, assuming all localised states have the
same energy EN . This model provides a good understanding of the eﬀect of the
isolated N states in GaNAs alloys. We are also able to compare the results of the
99 Masoud Seifikar
7. Band dispersion, scattering rate and carrier mobility using the poles of the
Green’s function
SCGF approach calculated for the two-band model with the BAC and supercell
models.
7.3.1 Complex eigenvalue method of finding the poles in
the 2-band model
The broadening ∆EN (ε) in the two-level model, using Eq. (5.3), is given by
∆EN (ε) =
β2
Nc
∫ Emax
0
Gkk(ε)D0(Ek)dEk. (7.3)
Employing Eqs. (5.12) and (5.13), this can be written as
∆EN(ε) = β2
(2m∗)3/2a30
16π2~3


√
γ(ε) ln
[√
γ(ε) +
√
Emax√
γ(ε)−√Emax
]
− 2E1/2max

, (7.4)
where Emax is the maximum energy of band states coupling to the localised states
and γ is deﬁned in Chapter 5. The condition for the pole εp of the Green’s function
is
εp − V
2
Nc
εp − EN −∆EN (εp) = γ(εp) = Ek. (7.5)
Thus, substituting Ek for γ(εp) in Eq. (7.4) gives a single value of the localised
state energy shift for each momentum k as
∆EN(εp) = β2
(2m∗)3/2a30
16π2~3


√
Ek ln
[√
Ek +
√
Emax√
Emax −
√
Ek
]
− 2E1/2max − iπ
√
Ek

,
for 0 ≤ Ek ≤ Emax (7.6)
and there is no need to determine ∆EN by an iterative search. Solving Eq. (7.5)
and using the value of ∆EN (εp) in Eq. (7.6) the complex band energies for the
2-level system are then given by the closed formula
εp =
Ek + EN +∆EN(εp)
2
±
√√√√(Ek −EN −∆EN (εp))2
4
+ V 2Nc. (7.7)
This is very similar to Eq. (3.4) that we used in the modiﬁed BAC, in Chapter 3.
The only diﬀerence is that here the (complex) broadening parameter is given
explicitly by Eq. (7.6).
In Appendix B we present an iterative search method as an alternative way of
ﬁnding the poles of the Green’s function. The iterative search method of ﬁnding
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Figure 7.1: The real and imaginary parts of the broadening parameter ∆EN (ε) for
the two-band model of GaNx As1−xwith x = 0.2%. The green dashed lines, and
red dots show ∆EN (εp) calculated by complex eigenvalue approach and iterative
search method, respectively. The blue line shows the value of ∆EN (E) for the
corresponding real values of E = ℜ(εp). The horizontal lines display the values
obtained using the second order perturbation theory.
the poles fails to ﬁnd ∆EN (εp) for energies E very close to band edges. In contrast
to the complex eigenvalue method, which calculates ∆EN (εp) only at poles of the
Green’s function, the iterative search approach calculates ∆EN (E + iδ) for all
values of real, E, and imaginary, δ, parts of the complex energy surface.
Figure 7.1 displays the imaginary and real parts of ∆EN (ε) at poles, εp, and
at the real energy E. Dashed green lines in this ﬁgure show the imaginary and
real parts of ∆EN(εp) calculated by Eq. (7.6) assuming Emax = 0.857 eV and
varying CB energy from 0 to 0.7 eV. The red dots in this ﬁgure show the same
quantities calculated using the iterative search method. Very good agreement is
observed between the results of ∆EN (εp) in two methods. However, we see that
the iterative search method does not converge and is unable ﬁnd any value of
∆EN (εp) for energies close to EN , whereas the complex eigenvalue method does
not have this problem. In contrast to the iterative search method, in the complex
eigenvalue method the upper sub-band starts from k = 0.
The real and imaginary parts of ∆EN (E) at real axis of energy (δ = 0) are
shown by the blue solid line in Fig. 7.1. Within the bands, for the energies far
from localised N states, ∆EN (εp) is apparently equal to ∆EN (E) (at real axis),
but this is not the case close to EN .
The results calculated at the poles deviate from those calculated at the real
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Figure 7.2: The imaginary part of poles of the Green’s function Gkk calculated
for 2-band model in GaNx As1−xwith x = 0.2%, using iterative search method by
∆EN(εp) (red dots) and ∆EN (E) for real E (blue stars), and complex eigenvalue
method (green dashed line) for Emax = 857 meV and varying CB energy Ek from
0 to 0.7 eV.
axis, both at the bottom of upper and top of the lower band. From Eqs. (5.6)
and (5.8) the density of states can be obtained by
Dcb = −(Nc/πβ2)ℑ[∆EN (E)]. (7.8)
So the blue solid line in Fig. 7.1.(b) is proportional to Dcb (green circles in
Fig. 5.3). Later in this chapter we will compare some results of considering
∆Ej at real axis, ∆Ej(E), and on the complex surface, ∆Ej(ε).
In Fig. 7.2 the dashed green line displays the imaginary part of the poles,
εp versus its real value, calculated using complex eigenvalue method. The blue
stars and red dots in this ﬁgure show the poles, εp, of Green’s function calculated
in iterative search method using ∆EN given on the complex surface (the green
dashed lines in Fig. 7.1), and at the real axis (the blue solid lines in Fig. 7.1),
respectively. As we see, ignoring the δ dependence of ∆EN (assuming ∆EN (εp) =
∆EN(E)), pushes ℑ[εp] to zero for the energies just below the N energy, EN .
This plot again conﬁrms the agreement between the two methods of ﬁnding
the poles. The complex eigenvalue method not only ﬁnds poles for all energy
ranges, but also it is much faster than the iterative search method, as we do not
need any iteration to ﬁnd ∆EN at the poles of Green’s function. However, we
note that if the maximum of CB energy Ek approaches to Emax the logarithmic
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term in the bracket in Eq. (7.6) tends to inﬁnity. This arises due to abrupt change
of coupling (from β to zero) to states with energy greater than Emax. That is
why we avoid Ek very close to Emax in calculating ∆EN(εp) using Eq. (7.6).
7.3.1.1 Exact solution for localised state with Lorentzian inhomoge-
neous broadening
We can extend this 2-band solution given in Eq. (7.7) to the case of an inhomo-
geneously broadened level if we assume that the inhomogeneous broadening is
given by a Lorentzian distribution, centered at energy EN with energy width ζ .
In this case ∆EN (εp) in the previous formula for εp is replaced by ∆EN (εp)− iζ ,
to give
εp =
Ek + EN +∆EN(εp)− iζ
2
±
√√√√(Ek −EN −∆EN(εp) + iζ)2
4
+ V 2Nc. (7.9)
Note that, unlike the case for the localised level without broadening, the imagi-
nary part of εp does not tend to zero as k −→ 0 . If the momentum band collides
with a continuous distribution of localised states, the lifetime of the band state
is ﬁnite at k = 0.
As the momentum k is varied, the lower energy band at small k will connect
continuously, either with the lower energy band or with the upper energy band at
large k. Which band topology occurs depends on the behaviour of the square root
in Eq. (7.9): if the localised state concentration x is very small or the broadening
ζ is large, then the (complex) argument of the square root winds once around the
origin in the complex plane as k goes from 0 to ∞ and the lower band (for small
k) connects continuously with the upper band (for large k). An approximate
condition for this is {−ℑ[∆EN ] + ζ
2
}2
> V 2Nc, (7.10)
when Ek = EN + ℜ[∆EN ]. This then gives that
β2
(2m∗)3/2a30
16π~3
√
Ek + ζ > 2β
√
x. (7.11)
Thus, localised states of very low concentration x distort the band dispersion of
the original parabolic band but do not alter its topology, leaving the upper and
lower sections of the original parabolic band connected to each other. For higher
concentrations, the lower band does not connect continuously to the upper band,
giving an anti-crossing type of band topology.
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Figure 7.3: Energy versus wavevector for GaNx As1−xwith x = 0.2% predicted by
the 2-level SCGF method. The blue stars display the result assuming ∆EN (E +
iδ) = ∆EN(E), while the red circles show the result with ∆EN (εp) using the
iterative search method. The green line shows the band dispersion calculated by
complex eigenvalue method.
7.3.2 The dispersion relation
The dashed green line in Fig. 7.3 shows the band dispersion for GaNxAs1−x with
x = 0.2% calculated by Eqs. (7.6) and (7.7). Here Emax = 857 meV and and Ek is
varied from 0 to 0.7 eV. The blue stars show the result of estimating ∆EN (εp) by
∆EN(E) (given by blue solid lines in Fig. 7.1). The dispersion relation calculated
at the real axis of energy is similar to the one calculated by the BAC model.
The band dispersion calculated using the iterative search method is very sim-
ilar to the result of the complex eigenvalue approach. But due to the problem
with the stability of iterative search method of determining ∆EN(εp), the upper
band in this method does not start from zero, whereas the complex eigenvalue
method does not have this problem.
7.3.3 Fractional Γ character
As we have shown in Appendix A, the fractional Γ character of band states is
given by
fΓ = |αM |2 =

1 + 1
Nc
∑
j
|Vj|2
|εp − Ej −∆Ej(εp)|2


−1
. (7.12)
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Figure 7.4: The fractional Γ character for GaN0.002As0.998 predicted by the 2-level
SCGF method by Eq. (7.14) (blue stars), and by Eq. (7.13) green squares, com-
pared with the supercell calculations for a box with length L = 100a0 containing
8000 N (red circles). Emax = 0.857 eV in both calculations and Ek is varied from
0 to 0.75 eV.
By analogy with the corresponding result for exact eigenstate, we might expect
to obtain fΓ from ℜ[dεp/dEk], that as shown in Appendix C to be given by
ℜ

 dεp
dEk

 = ℜ



1− 1Nc
∑
j
|Vj|2
[εp − Ej −∆Ej(εp)]2
×
(
1− d∆Ej(εp)
dεp
)

−1
. (7.13)
In the next section we will see that the results of Eq. (7.12) and (7.13) are very
similar for energies far from N state energies. However, although ℜ[dεp/dEk] is a
good approximation for fΓ, the two quantities are not strictly identical for states
with complex energies.
In the two-band model Eq. (7.12) becomes
fΓ =

1 + V 2Nc∣∣∣εp −EN −∆EN (εp)∣∣∣2


−1
. (7.14)
Figure 7.4 compares the fractional Γ character calculated by the two-level SCGF
and the supercell calculations presented in Chapter 4, for GaN0.002As0.998. Here
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blue dots and green diamonds show the result calculated by Eqs. (7.14) and
(7.13), respectively, while the poles of Green’s function are calculated by complex
eigenvalue approach.
We observe that the self-consistent result calculated by Eq. (7.14) agrees very
well with the numerical results obtained for a supercell with size L = 100a0
including 8000 N atoms. It is seen that the result of ℜ[dεp/dEk] is in very good
agreement with fΓ calculated by SCGF and supercell models, for energies far
from EN . But just before N energy ℜ[dεp/dEk] deviates from fΓ calculated by
Eq. (7.14). Therefore, we again emphasize that, in contrast to the calculation at
the real axis, ℜ[dεp/dEk] (at the poles) does not always give the correct fractional
Γ character. However, we will use ℜ[dεp/dEk] in calculating group velocity, as
discussed in the following section.
7.3.4 Group velocity
The group velocity is proportional to the derivative of energy with respect to
wave vector and can be written as
vg =
1
~
ℜ
[
dεp
dk
]
=
1
~
ℜ
[
dεp
dEk
]
dEk
dk
=
(
2Ek
m∗
)1/2
ℜ
[
dεp
dEk
]
, (7.15)
where ℜ[dεp/dEk] is given by Eq. (7.13). In the BAC model the energies of the
BAC upper and lower conduction subbands, denoted by E+ and E−, are given
by
E± =
1
2

EN + γbac(E)±
√
(EN − γbac(E))2 + 4V 2Nc

, (7.16)
where γbac(E) = Ek = ~2k2/2m∗. Using the chain rule with the general deﬁnition
of group velocity, Eq. (7.15) can be written as
vg(E) =
1
~
dE
dγbac
dγbac
dk
, (7.17)
where dγbac/dk = ~(2γbac/m∗)1/2. Therefore
vg(E) =
( 2
m∗
)1/2 γ1/2bac (E)
dγbac(E)/dE
, (7.18)
where in the BAC model
γbac(E) = E − V
2
Nc
E − EN . (7.19)
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Figure 7.5: The group velocity of GaN0.002As0.998, calculated by the ordinary BAC
model (brown dashed line) in comparison with results of the 2-level SCGF method
with ∆EN(E) (blue stars) and ∆EN(εp) using iterative search (red circles) and
complex eigenvalue (green diamonds) methods. Ek is varied from 0 to 0.6 eV and
Emax is taken to be 0.857 eV.
Actually Eq. (7.18) could be given by substituting Ek and (dεp/dEk) in
Eq. (7.15) by γbac and (dγbac(E)/dE), respectively. Fig. 7.5 compares the group
velocity calculated in the BAC and the two-band SCGF methods. The brown
dashed line in this ﬁgure shows the vg calculated by Eq. (7.18) (BAC model),
while the blue stars represent the group velocity calculated by SCGF method (by
Eq. (7.15)) using ∆EN (E) at the real axis (the blue stars in Fig. 7.2). It is seen
that the two-level SCGF at the real axis of energy gives a narrower gap, compared
to the BAC model. However, as we have already seen, the SCGF method at the
poles εp of Green’s function calculated by either complex eigenvalue (green dia-
monds) or iterative search (red circles) methods gives a wider gap than the SCGF
method at the real axis of energy. In this case, we see that the lower band disap-
pears before the group velocity vanishes. This is physically acceptable, bearing
in mind that in this region large imaginary energy (Fig. 7.2) implies very strong
scattering.
The excellent agreement between the two-level SCGF approach and the su-
percell calculations conﬁrms the validity of using the SCGF to study the band
structure of dilute nitride alloys. However, the complete model should include
the full distribution of localised states, as we will consider in the next section.
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7.4 The LCINS model
In the previous section we assumed all localised states were located at the same
energy EN . This provided insight into the eﬀect of N states on the CB and we
could compare the model with the supercell calculation results. However, a more
accurate model is required to consider the full distribution of nitrogen-induced
localised states, which arise when we consider the direct interaction between
localised states.
7.4.1 The complex eigenvalue method
If we represent the full distribution of localised states as a sum of N Lorentzians,
each centred at (real) energy Ej with weight xj and width ζj , so that for real E,
Dloc =
1
π
N∑
j=1
xjζj
(E −Ej)2 + ζ2j
, (7.20)
and assuming that the states of type j have an interaction parameter βj with the
conduction band, then using the integrated conduction band Green’s function for
each momentum k
Gcb(k) =
(2m∗)3/2a30
16π2~3


√
Ek ln
[√
Ek +
√
Emax√
Ek −
√
Emax
]
− 2E1/2max

, (7.21)
we obtain N+1 band energies at the complex roots of the N+1 order polynomial
equation obtained from
εp −
N∑
j=1
xjβ
2
j
εp − Ej − β2jGcb(k) + iζj
= Ek. (7.22)
In order to solve the roots of these equations we map the problem onto the
corresponding (complex) eigenvalue problem
Hn = εp,nn, (7.23)
where n is the eigenvector of H corresponding to the eigenvalue, εp,n, H00 = Ek,
Hjj = Ej + β2jGcb(k) − iζj and H0j = Hj0 = √xjβj , and Hij = 0 for i 6= j. By
varying Ek from zero to its maximum value we are able to calculate the poles
εp,n(Ek) for each sub-band n.
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Figure 7.6: Calculated density of localised LCINS states for GaN0.0036As0.9964
versus their energies with respect to the CBE of GaAs, while each energy level is
broadened to a Gaussian of width 1 meV (solid green line). The dashed red line
shows the summation of 9 Lorentzians ﬁtted to this distribution. The Lorentzian
parameters are given in Table 7.1.
7.4.2 The band dispersion calculated using the complex
eigenvalue method
The solid green line in Fig. 7.6 represents the distribution of localised LCINS
states calculated for GaNxAs1−x with x = 0.36% [11]. Our analysis shows that the
summation over 9 Lorentzians, given by the dashed red line in Fig. 7.6 is suﬃcient
to provide a distribution very close to the LCINS distribution. The energy peak
Ej , weight xj , width ζj and interaction parameter βj for each Lorentzian is given
in Table 7.1. βj’s are calculated by averaging Vj/
√
Nc for each given Lorentzian.
Having these Lorentzian parameters we can build the Hamiltonian of Eq. (7.23)
and calculate the eigenvalues of this equation, which are the poles of Green’s
function.
In Appendix B the details of ﬁnding the poles for the LCINS approach is
Table 7.1: Lorentzian ﬁtting parameters (Eq. (7.20)) of the LCINS distribution
for GaN0.0036As0.9964.
j 1 2 3 4 5 6 7 8 9
Ej (meV) 21.9 168.9 215.6 232.8 242.1 251.8 265.1 286.8 301.7
xj(×10−4) 0.7 0.7 0.9 11.0 10.2 7.1 3.7 1.3 1.3
ζj(meV ) 2.00 1.84 1.77 5.64 1.26 4.55 4.96 4.70 5.39
βj(eV ) 2.66 2.43 1.94 1.17 1.75 2.26 3.01 2.49 1.83
109 Masoud Seifikar
7. Band dispersion, scattering rate and carrier mobility using the poles of the
Green’s function
0 2 4 6 8 10 12
x 108
0
0.1
0.2
0.3
0.4
k (1/m)
ℜ
(ε p
) (
eV
)
Figure 7.7: The dispersion relation of GaN0.0036As0.9964 calculated by the SCGF
approach using the full distribution of nitrogen localised states from the LCINS
method. The pink circles show the band dispersion when the poles εp are calcu-
lated using the iterative search method while the dotted lines display the results
when the poles of Green’s function, εp, are calculated by Eq. (7.23).
presented for the iterative search method. Fig. 7.7 compares the band dispersion
of GaN0.0036As0.9964 using the SCGF method and using the iterative search and
complex eigenvalue approaches. The dotted lines in this plot show the disper-
Table 7.2: Lorentzian ﬁtting parameters (Eq. (7.20)) of the LCINS distribution
for GaN0.001As0.999.
j 1 2 3 4 5 6 7 8 9 10 11 12 13
Ej (meV) 22 169 217 229 235 243 252 259 263 267 286 300 305
xj(×10−4) 0.06 0.07 0.10 0.30 1.01 7.10 0.81 0.18 0.10 0.15 0.10 0.05 0.04
ζj(meV ) 1 1 1 2 2 1 2 1.5 1 1 1 0.4 3
βj(eV ) 2.7 2.6 2.5 0.6 0.9 1.9 2.5 2.7 2.9 2.9 0.6 0.2 1.8
Table 7.3: Lorentzian ﬁtting parameters (Eq. (7.20)) of the LCINS distribution
for GaN0.012As0.988.
j 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Ej (meV) -74 -50 -41 22 27 41 168 210 229 241 253 270 291 308 335
xj(×10−4) 0.1 0.1 0.3 2.3 2.3 1.5 4.6 7.6 18.2 21.3 12.1 19.7 10.6 9.1 1.8
ζj(meV ) 3 3 3 5 5 5 5 5 7 6 7 10 10 10 5
βj(eV ) 3.6 3.0 2.9 2.4 2.4 2.8 2.0 1.3 1.1 1.3 1.5 2.3 2.8 2.9 2.7
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sion relation calculated by Eq. (7.23). As we have considered 9 Lorentzians to
ﬁt with LCINS distribution, this band dispersion consists of 10 subbands. As
we mentioned earlier, in the complex eigenvalue method for large momentum k,
the bands are bent towards higher energies because at high k values, Ek becomes
close to assumed Emax (= 1 eV). Very good agreement is observed between the re-
sults calculated by iterative search method (pink circles) and the band dispersion
calculated using the complex eigenvalue method of Eq. (7.23). The only diﬀer-
ence is that in the complex eigenvalue approach each sub-band starts from k = 0
and continues to the maximum k considered. However, ﬁnding the summation
of Lorentzians to ﬁt with LCINS distribution is tricky as small diﬀerences in the
distributions lead discrepancies in the band structure.
7.4.3 Fractional Γ character
The fractional Γ character can be calculated using Eq. (7.12). Pink stars in
Fig. 7.8 display the fractional Γ character, calculated by SCGF including the
full LCINS distribution using the iterative search method for GaNxAs1−x with
x = 0.1%, x = 0.36% and x = 1.2%. The parameters for sum of the Lorentzian
ﬁtted to LCINS distribution, including the energy peak Ej , weight xj , width ζj
and interaction βj are given in Tables 7.1, 7.2, and 7.3 for x = 0.36%, x = 0.01%
and x = 1.2%, respectively.
In the complex eigenvalue method of ﬁnding the poles, the fractional Γ charac-
ter, for each sub-band, can also be obtained by the square of the ﬁrst component
of the eigenvector of Eq. (7.23). The contribution of each (Lorentzian broadened)
localised state j can also be obtained by calculating j-th component of the eigen-
vector of Eq. (7.23). Circles in Fig. 7.8 show fΓ calculated using the eigenvectors
of Eq. (7.23) for GaNxAs1−x with x = 0.1%, x = 0.36% and x = 1.2%. For
x = 0.1% and 1.2% we have considered sum of 13 and 15 Lorentzians, respec-
tively, to ﬁt to the LCINS distribution shown in Fig. (2.2).
It is seen in this ﬁgure, that the inclusion of the full LCINS distributions leads
to sharp reductions in fΓ at energies corresponding to pair N (close to the CBE),
and higher clusters (just below the isolated N states). The states with low fΓ,
located about localised N states, have more localised character, while the state
at the bottom of the CB, in the middle of lower band, (after N pairs), and above
0.3 eV have higher fΓ, implying that they are more extended in nature. Fig. 7.8
shows that the states close to the mini-gaps have a very small Γ contribution.
As shown in Fig. 7.9, for low nitrogen composition (x = 0.1%) only one
Lorentzian-broadened component of the LCINS distribution (that corresponding
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Figure 7.8: The fractional Γ character for GaNxAs1−x for diﬀerent values of N
concentration x, calculated by the SCGF approach and the full distribution of
LCINS method. The pink stars show fΓ calculated using the iterative search
method in comparison with those calculated by the complex eigenvalue method,
shown by the dotted lines.
to isolated N states) has suﬃciently large concentration xj to disrupt the topology
of the parabolic band and open a gap between upper and lower bands, as discussed
in § 7.3.1.1. For the other types of localised state (N-N pairs, etc.), the parabolic
band connects continuously from energies below to energies above the localised
state as the momentum k increases.
Figure 7.9 shows the energy variation with respect to the wavevector in
GaNxAs1−x with x = 0.1, 0.5, 1.2 and 2.0%, calculated by the SCGF method
in the framework of the LCINS approach to include the full N distribution and
using the complex eigenvalue approach. In this plot the energy spectrum for
each k state is given by a sum of Lorentzians centred at ℜ(εp,n) with broadening
ℑ(εp,n) and weighted by |αM,n|2 for each sub-band n. It is seen that the over-
all band dispersion is similar to BAC model dispersion, but the inhomogeneous
broadening of localised states leads to an increased energy broadening at each k
point. The dispersion at each k point is broadened over a range of energy values,
with the broadening increasing around the nitrogen resonant state energies. The
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Figure 7.9: The band dispersion of GaNxAs1−x with x = 0.1, 0.5, 1.2 and 2.0%,
calculated by the SCGF method and including the full distribution of localised
states, while each k state its broadened by a Lorentzian with broadening equal
to its decay rate and weighted by fΓ. The white dots show the (N+1)-band
dispersion calculated by Eq. (7.23).
Γ character of the states decreases toward zero around the gaps. Also Fig. 7.9
indicates the existence of a distribution of localised N-related states within these
energy gaps. This plot also indicates that in the region that the iterative search
method (Fig. B.2) fails to ﬁnd the poles, the bands have a very small weight in
the host conduction band but are primarily localised in character.
7.4.4 Group velocity
Figure 7.10 shows the group velocity for GaN0.0036As0.9964 calculated by Eq. (7.13),
and using the full distribution of localised states from the LCINS model. The
circles with diﬀerent colors in Fig. 7.10 indicate the group velocity calculated
using (1/~)ℜ(dεp,n/dk) for n-th sub-band.
Overall group velocity is similar to BAC model’s result, but with correspond-
ing dips at energies near the N pair energy and larger clusters of N states. Moving
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Figure 7.10: The group velocity of GaNxAs1−x with x = 0.36% calculated by the
full LCINS distribution and the SCGF method. Each colors displays the group
velocity for each sub-band calculated by the complex eigenvalue method. Ek is
varied from 0 to 0.6 eV and Emax is taken to be 1 eV.
from bottom of the band to 0 eV, the group velocity increases from zero to around
2 × 105 (m/s), and then decreases rapidly where the band disappears due to a
very high scattering rate at energies close to that of the N pair states. It again
rises and reaches to around 5.5× 105 (m/s) at energy 85 meV, 3.3× 105 (m/s) at
energy 170 meV. Also there is a large gap corresponding to the energy of isolated
N states. Above this gap the group velocity again starts to increase.
7.5 Scattering rate
The decay rate is proportional to the imaginary part of the poles of the Green’s
function and given by [84]
R(E) = −2
~
ℑ[εp]. (7.24)
In Appendix D it has been shown that this decay rate can be written as
R(εp) =
2π
~
∑
j
1
Nc
|Vj|4
|εp −Ej −∆Ej(εp)|2
fΓD0(Ek)
Nc
, (7.25)
where D0(Ek) is the GaAs density of states and in the complex eigenvalue method
is given by −Nc/πℑ[Gcb]. Therefore in this model the scattering rate for each
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Figure 7.11: The comparison of the decay rates calculated by Eq. (7.24) (blue
circles) and Eq. (7.25) (red diamonds), for GaN0.0036As0.9964 using the SCGF ap-
proach with the full LCINS distributions. (a) and (b) show the results calculated
using the complex eigenvalue and iterative search methods, respectively.
sub-band n is given as
Rn(εp,n) = −2
~
∑
j
xjβ
4
j fΓ(εp,n)ℑ(Gcb)
|εp,n − Ej − β2jGcb + iζj |2
, (7.26)
where εp,n is the pole of the GF for the n-th sub-band. Ej , xj , ζj and βj here
are respectively the peak energy, weight, width and interaction parameter of
Lorentzian j. These parameters are given in Tables 7.2, 7.1 and 7.3 for x = 0.1,
0.36 and 1.2%.
Equation (7.25) is very similar to the expression that Fahy et al. already
derived in Ref. [13]. However, in that earlier work a constant fΓ, calculated at
the bottom of the CB, has been considered. They also did not take into account
the nonparabolicity of the CB in the DOS. Here we apply the energy dependence
of the localised states broadening ∆Ej(ε) calculated by the SCGF approach,
instead of constant broadening calculated by second order perturbation theory.
Figure 7.11 compares the decay rates calculated using Eqs. (7.24) and (7.25)
with the full LCINS distribution of localised states in GaN0.0036As0.9964, obtained
by the complex eigenvalue (a) and the iterative search (b) methods. As we ex-
pected, the scattering rates calculated by Eq. (7.24) and Eq. (7.25) lead to com-
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Figure 7.12: The decay rates calculated by Eq. (7.24) for GaNxAs1−x with x = 0.1
and 1.2%, using the SCGF approach with the full LCINS distributions, while the
poles the Green’s function are calculated using the iterative search method.
pletely similar results, which are almost indistinguishable.
The comparison between the scattering rates obtained by the complex eigen-
value and the iterative search methods indicates that their results are very similar
for energies far from localised states. However, as the iterative search method is
unable to ﬁnd the poles of Green’s function around N state energies, this method
omits the states with very high scattering rates around sub-band edges. Fig. 7.12
shows the scattering rate for x = 0.1 and 1.2% in GaNxAs1−x calculated using
Eq. (7.26).
It is seen that the peaks of the decay rate increase with x. These results also
demonstrate that the N pair states are much more important than previously
thought. In comparison with the corresponding results in Ref. [13] (reproduced in
Fig. 2.4), here we see much stronger concentration dependence of the decay rates.
The scattering rates associated to N-N states are very similar to what obtained
in Ref. [13], but the peaks related to isolated N states show the lower decay rates
(up to an order of magnitude), compared with results of Ref. [13], especially at
lower concentrations. As mentioned earlier diﬀerent factors are causing these
diﬀerences. The most important one is considering an energy independent fΓ in
that work. They estimated fΓ at CBE and use that for all energies, as they were
interested in the scattering at the bottom of the conduction band. For instance,
for N composition x = 0.36% they used fΓ = 0.805, that is a good approximation
for energies close to the CBE. This is the reason of observing the similar scattering
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rates in both calculations for energies close to the CBE, e.g. around the N pair
states. But as we saw in Fig. 7.8 the Γ character of the states tend to zero around
N states. That is why the peaks of the decay rate corresponding to N states with
higher energies are much smaller in the current work in comparison with Ref. [13].
7.6 Carrier mobility
As we have seen in Chapter 6, for carriers in a applied electric ﬁeld, F , the
Boltzmann transport equation, in the relaxation time approximation, gives the
current density [76]
j = −e
2F
3
∫
τ(E)v2g(E)
df0
dE
DT (E)dE. (7.27)
Here f0 is the symmetric part of the distribution function, where at low electric
ﬁeld is given by Fermi-Dirac distribution, f0 = {exp [(E −EF )/kBT ]+1}−1. τ(E)
in Eq. (7.27) is the scattering time for the distribution at energy E, which we set
equal to the inverse of carrier scattering rate R(E). The carrier mobility is given
by µ = j/(enF ), where the density of carriers is given by
n =
∫
∞
o
f0(E)DT (E)dE, (7.28)
where DT (E) in Eqs. (7.27) and (7.28) represents the total density of states, that
is given by the summation of Eq. (5.8) and Eq. (5.9).
Equation (7.27) cannot be evaluated directly, either from density of states
alone or from the bands calculated from the poles of the Green’s function. On
the one hand, the density of (exact) eigenstates at the real energy axis gives us
no information about group velocities or scattering rates. On the other hand, the
bands calculated from the poles of the Green’s function cannot be used to give
us a correct density of states, which would be related to the number of carriers
per unit volume in the semi-classical Boltzmann equation.
To resolve this, we reinterpret the standard Eq. (7.27) , using the dispersion
of the poles εp,n = Ep,n + iδp,n of the Green’s function with k to obtain the group
velocity vg = (1/~)dEp,n/dk and the scattering rate 1/τp,n = R = −2δp,n/~ for
a given band at a given energy Ep,n. The components of the eigenvector of the
Hamiltonian, Eq. (7.23), gives the participation, fΓ or |αj |2, of a given band n
in the host conduction band density of states Dcb = −ℑ[Gcb(Ep,n)]/π or localised
state j density of states Dj = −ℑ[Gjj(Ep,n)]/π, respectively. Then the n-th band
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Figure 7.13: The calculated carrier mobility versus n-type carrier concentration
for diﬀerent values of x in GaNxAs1−x, using the SCGF approach with the full
LCINS distributions, at room temperature. ﬁgure (a) and (b) show the results
calculated using the complex eigenvalue and iterative search methods, respec-
tively.
contributes
jn =
e2F
3
∫
τp,nv
2
g(εp,n)
dfo
dEp,n

fΓ(εp,n)Dcb(Ep,n) +
∑
j
|αj(εp,n)|2Dj(Ep,n)

 dEp,n,
(7.29)
to the current. Dj(Ep,n) is the density of localised state j
Dj(Ep,n) =
Nc
π
xj [ℑ(∆Ej(Ep,n)) + ζj]
|Ep,n −Ej − ℑ(∆Ej(Ep,n)) + iζj|2 . (7.30)
In order to calculate carrier mobility, we vary the chemical potential EF around
the CBE of the alloy, Ec, from Ec − 20 meV to Ec + 20 meV, which gives a
maximum n of 6 × 1018 and 1 × 1019 cm2(Vs)−1 for x = 0.1% and x = 0.36%,
respectively. Fig. 7.13 shows the carrier mobility for GaNxAs1−x versus n-type
carrier concentration at room temperature, calculated using complex eigenvalue
(a) and iterative search (b) methods. There is good agreement between two
methods of ﬁnding the poles. The discrepancies are due to the small diﬀerences
in the band structure predicted by each method. We observe that even for a
very small nitrogen composition (x = 0.1%) the mobility of carriers reduces
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Figure 7.14: The mean free path calculated for in GaNxAs1−x with x = 0.1, 0.36
and 1.2%„ using the SCGF approach with the full LCINS distributions. The
energy is referred to the CBE of GaAs.
dramatically from about 8000 cm2(Vs)−1 in GaAs to around 2000 cm2(Vs)−1
in GaNxAs1−x. Further reduction in mobility is observed by increasing the N
concentration x. However x = 2.0% is an exception that has a higher mobility
with respect to the x = 1.2%. These results are lower than those calculated in
Ref. [13], giving better overall agreement with experiments [42–44] (see Fig. 2.3).
Another quantity of interest is the mean free path that can be calculated by
l = vg/R(E). The energy-dependence of mean free path is shown in Fig. 7.14
for various N concentrations calculated by the complex eigenvalue method. The
iterative search approach predicts very similar results for the mean free path.
The mean free paths given in Fig. 7.14 are very similar to the mean free path
previously calculated by Fahy et al. [13], although there were no gaps in the
CB structure in that work. Similar to the group velocity calculated by SCF,
Fig. 7.14 shows that carriers have very short mean free path around the localised
state energies. This very short mean free path, especially for higher x, is due to
the strong scattering by N states and also the lower group velocity.
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7.7 Discussion and conclusions
Following the results of Chapter 5,where we implemented a self-consistent Green’s
function approach to calculate the density of states, in this chapter, we have found
the poles of the Green’s function corresponding to carrier states of well-deﬁned
momentum in dilute nitride alloys. Using the poles of the Green’s function the
band structure, scattering and carrier mobility has been calculated for GaNAs
dilute nitride alloys.
Two approaches have been considered; (i) the 2-band model; which assumes
all localised N states have the same energy, and (ii) the LCINS model which gives
a distribution of localised state energies, arising from direct interaction between
nitrogen states and nearby lattice sites. We compared the 2-band model’s results
with those calculated by the numerical diagonalisation of large random supercell
and by the BAC model.
We calculated the poles εp of the Green’s function in the complex lower half
plane, by (i) calculating ∆Ej(E+iδ) self-consistently for all values of its real (E),
and imaginary part (δ), and ﬁnd the poles using the iterative search approach, (ii)
using a complex eigenvalue method for calculating the poles εp without doing the
iterations. These methods give similar results for the band structure of GaNAs
alloys. However the iterative search method is unable to ﬁnd the poles around
the band edges. The complex eigenvalue method does not have this problem and
is much faster in implementation as it only calculates ∆Ej ’s the poles εp of the
Green’s function. But this method requires ﬁtting the LCINS distribution with
a number of Lorentzians, a process which can be tedious.
Including the full distribution of localised states, the dispersion relation shows
series of mini-gaps, corresponding to isolated, pair and larger clusters of N states.
Increasing the N concentration makes these mini-gaps more pronounced, and they
are wider for larger nitrogen compositions.
Having the poles of the Green’s function, εp, we calculate the decay rate of
states as −2ℑ(εp)/~, and compare that with those already calculated by Fahy et
al. [13]. In that work they assumed fΓ and ∆Ej to be independent of energy, as
well as using the DOS of the host semiconductor. In the current work we have the
appropriate energy-dependent form of these parameters. We have also included
the density of states of the perturbed CB, rather than assuming a parabolic band.
The results for the full LCINS distribution provides a very good understanding
of the eﬀect of the N states on the electronic structure of dilute nitride alloys.
The calculated mobilities here are lower than the previous calculations, giving
better agreement with experiments. The previous calculated electron mobilities
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by Fahy et al. [13], and Vaughan et al. [34] were respectively, about a factor of
two, and an order of magnitude higher than the highest measured values (see
Fig. 2.3).
Young et al. [42] have measured the mobility of GaNxAs1−x for several N
concentrations from 0.01% up to 1.3% for carrier concentrations of (5 − 7) ×
1018 cm−3. For x = 0.1%, (n = 5 × 1018 cm−3) we obtained µ = 720 cm2(Vs)−1
and µ = 2600 cm2(Vs)−1 in the iterative search and complex eigenvalue methods,
respecively. Fahy et al. [13] predicted mobility around 2200 cm2(Vs)−1 for this
concentration. These are close to the experimental data reported by Jin [12] (see
Fig. 2.3). Also Fowler et al. [85] measured µ = 720 cm2(Vs)−1 in a quantum well
sample with a density equivalent to a bulk value of n = 7× 1017 cm−3. However
these are higher than the mobility reported by Young et al. [42] (262 cm2(Vs)−1).
This variation in experimental data indicates that there are some material factors
in the experiments that we do not consider in our calculations.
For x = 0.4%, Young et al. reported µ = 187 cm2(Vs)−1, which is close to
our predicted values for mobility for x = 0.36% (µ = 150 and 110 cm2(Vs)−1 in
iterative search and complex eigenvalue methods, respectively). Their measured
mobility for x = 1.3% is 165 cm2(Vs)−1 is close but higher than our calculated
value of 20 cm2(Vs)−1 in iterative search method and 60 cm2(Vs)−1 in the complex
eigenvalue approach, for x = 1.2%.
Ishikawa et al. [43] measured the mobility of GaNxAs1−x for x = 0.8, 1.7
and 2.2% with several carrier concentrations. For x = 0.8%, they measured
µ = 413, 208 and 89 cm2(Vs)−1 for n = (0.1, 1.0 and 5.1)×1018 cm−3 , respectively,
in comparison with our theoretical values, µ = 93, 75 and 70 cm2(Vs)−1 (Linear
interpolation between values at x = 0.5 and 1.2% in the complex eigenvalue
method.). Their mobility for x = 1.7% at n = 5.3× 1017 cm−3 is 185 cm2(Vs)−1,
in comparison with 80 cm2(Vs)−1 in our calculations.
Reason et al. [44] have also measured mobility of Si-doped GaNxAs1−x for
several N compositions from 0.01% up to 2% (n = (0.3−1)×1018). Their value for
x = 0.1%, is around 600 cm2(Vs)−1 that is about one-third of our calculated value.
For x = 0.5 and 1.2% they measured µ = 300 and 200 cm2(Vs)−1, respectively.
In summary, we have presented the self-consistent Green’s function approach
to study the band structure and electronic properties of dilute nitride alloys.
Although in this chapter we have applied the method only to GaNxAs1−x, this
method can be easily applied for diﬀerent dilute nitride and bismide semiconduc-
tors. This approach provides a useful tool for the examination of the electronic
structure of these materials.
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Chapter 8
Absorption spectrum of dilute
nitride alloys
8.1 Introduction
In previous chapters of this thesis we developed models to describe the band
structure of dilute nitride alloys. One way to test the accuracy of these is to
look at optical absorption spectra for dilute nitride samples, where we expect
the absorption spectra to show features related to the N states present in the
samples. The absorption spectrum arises from transitions between valence and
conduction band states. It provides the knowledge of the energy gap in semi-
conductors, and also gives signiﬁcant information about the band structure of
materials. Experimental measurements of absorption spectrum as a function of
energy can be used to benchmark the band structure calculation. In this chapter
we are going to investigate two diﬀerent materials; InyGa1−yNxAs1−x for which
the band structure has been widely studied and many of the features are well
established, and GaNxSb1−x for which much less information has been reported
in the literature.
We consider two diﬀerent models for the band structure of dilute nitride alloys,
ﬁrstly a 5-level BAC model, including the host semiconductor CB and valence
bands, isolated N and pair N-N states and secondly, the LCINS model where
the band structure of the alloys is calculated using the self consistent Green’s
function method.
For InyGa1−yNxAs1−x alloys we ﬁnd that the BAC model reproduces the main
features in the absorption spectrum. However this model shows some additional
features which are related to the N and N-N states energies, reﬂecting that we
have ignored the distribution of localised states in the BAC model. Including
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the LCINS distribution of N states in InyGa1−yNxAs1−x using the SCGF ap-
proach presented in Chapter 5, removes the additional features found in the BAC
calculations and gives absorption spectra that are in very good agreement with
experimental data.
We then apply our methods to GaNxSb1−x, where much less information is
known theoretically and experimentally. The overall width of the optical spec-
trum can be well ﬁtted by our models for the absorption spectrum. Both the BAC
and LCINS models account for the absorption edge of GaNSb alloys supporting
the presence of band anti-crossing interaction in these alloys. The 5-level BAC
model gives more features than seen experimentally in the absorption spectrum.
Including the distribution of localised states, by modifying those calculated for
GaNAs, makes the calculated absorption smoother and gives better agreement
with experimental data, but still shows some discrepancies around the localised
state peak energies. These results suggest the presence of more disorder in GaNSb
samples than what we found in the InGaNAs case. This disorder may be due to
sample inhomogeneities or due to an intrinsically broader distribution of N states
in GaNSb than in InGaNAs.
8.2 Absorption spectrum
The absorption spectrum α(E) is the fraction of photons with energy E = ~ω
absorbed per unit distance
α =
Number of photons absorbed per second per unit volume
Number of injected photons per second per unit area
. (8.1)
Optical absorption can be described using a “single-electron” approximation. In
this approach, the absorption spectrum for direct allowed transitions between
valence band v and conduction band c is given by [86–88]
αcv(~ω) =
πe2
nrcǫ0m
2
0ω
∑
kv
∑
kc
|Pcv|2δ(Ec − Ev − ~ω)(fv − fc), (8.2)
where ω is the photon frequency, e and m0 are the electron charge and mass,
respectively, c is the speed of light and nr is the refractive index. f is the
Fermi-Dirac distribution function. Here we assume a ﬁlled valence and empty
conduction band, so that (fv − fc) = 1. The matrix element in Eq. (8.2) is
Pcv =
∫
V
drφ∗c(kc, r)(eˆ.p)φv(kv, r), (8.3)
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where eˆ is a vector along the polarisation in the direction of the incoming photon,
p is the carrier momentum operator and V is the volume of the crystal. Writing
φc(kc, r) = φc(r)u(r), and using the property that each φc(r) is slowly varying
with r, the Pcv can be separated into a Bloch term and an envelope term as [88]
|Pcv|2 =M2b M2env, (8.4)
where
Mb =
1
V
∫
dru∗c(r)(eˆ.p)uv(r), (8.5)
and
Menv =
∫
drφ∗c(r)φv(r). (8.6)
Using perturbation theory Kane derived for transitions between p- and s-like
Bloch functions averaged near all polarisation as
M2b =
m0Ep
3
, (8.7)
where Ep = (2m0/~2)p2 is the interaction energy, and the momentum interband
matrix element, p, is given by
p2 =
(
1− m
∗
e
m0
)
~
2Eg(Eg +∆so)
2m∗e(Eg +
2
3
∆so)
, (8.8)
where m0, m∗e are the free electron and conduction band eﬀective masses, respec-
tively, Eg is the band gap (between conduction and valence band), and ∆so is the
spin orbit splitting energy. Several values ofMenv have been reported. Eagles [89],
for instance, assumed a localised acceptor wave function φv of hydrogenic form
and a delocalised electronic state φc of plane wave form, that gives
|Menv|2 = 64πa
3V −1
(1 + a2k2c )4
, (8.9)
where a is a Bohr radius. For a transition at the band edge kc = 0 and therefore
|Menv|2 = 64πa3/V . Therefore, Eq. (8.2) can be written as
αcv(~ω) =
πe2~
nrcǫ0m
2
0
M2b
~ω
Jc,v(E)
∣∣∣
E=~ω
, (8.10)
where E = Ec − Ev is the transition energy, Ec and Ev are the conduction and
valence band state energies, respectively, for the same wavevector k, Jcv(E) is the
joint density of states, and we ignore for now the energy dependence of Mb.
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The hole electron interaction can be included assuming Elliot’s theory, which
applies to parabolic and nondegenerate bands. According to Elliot’s model, the
absorption spectrum is modiﬁed because of the hole-electron interaction through
a multiplicative function Fex given by [87]
Fex =
2πς
1− exp(−2πς) , (8.11)
where
ς =
(
Ry
~ω − Eg
)1/2
, (8.12)
and Ry is the exciton Rydberg energy, given by [90, 91]
Ry =
e4
8h2ǫ20
(
µ
m0κ2
)
= 13.61
(
µ
m0κ2
)
eV, (8.13)
where κ is the static dielectric constant, h is the Planck constant, µ = 1/(m−1c +
m−1v ) is the reduced mass, and mv = (m
3/2
h +m
3/2
l )
2/3, where mh and ml are the
heavy hole and light hole eﬀective masses.
Including the hole-electron interaction the total absorption spectrum can be
then obtained by
αtot = Fex (αlh + αhh + αso) , (8.14)
where αlh, αhh and αso are the absorption spectra for transitions from the light
hole (LH), heavy hole (HH) and spin orbit split-oﬀ (SO) bands to the conduction
band, respectively.
In the rest of this chapter we ﬁrst explain our method for calculating the
absorption spectrum for III-V semiconductors and present the results for GaAs
in § 8.3. Then in § 8.4 we extend our method to obtain the absorption spectrum
for dilute nitride alloys, in the frame of the BAC model and the SCGF approach.
We present in § 8.5 and 8.6 our results for (In)GaNAs and GaNSb alloys, and
compare them with experimental optical absorption measurements. Finally we
summarise our conclusion in § 8.7.
8.3 Optical absorption for III-V semiconductors
In order to calculate the absorption spectrum of GaAs we ﬁrst need to calculate
the joint density of state in GaAs. We do this taking into account the non-
parabolicity in the GaAs CB calculated by the Kane model, as well as the light
hole nonparabolicity using the 6-band Luttinger-Kohn valence band Hamiltonian.
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Figure 8.1: The conduction band of GaAs calculated for a parabolic band (dash-
dotted red line), including the Kane interband nonparabolicity(solid green line),
and the interaction with the valence and split-oﬀ bands (the dashed blue line).
8.3.1 CB nonparabolicity using the Kane model
The conventional 2-level BAC model treats the III-V conduction band dispersion
as parabolic with
Ec(k) = Ec0 +
~
2k2
2m∗c
, (8.15)
where Ec0 is the CB edge. However, in practice the conduction band dispersion
is non-parabolic, and is better described using a Kane-type model, with the CB
dispersion in the simplest Kane model given by the upper eigenvalue of
H =

 Ec0 kp
kp Ev0

 , (8.16)
where Ev0 is the energy of the valence band maximum.
The green solid line in Fig. 8.1 shows the conduction band dispersion of GaAs
calculated by Eq. (8.16) in comparison with the parabolic band of Eq. (8.15)
(dash-dotted red line). It can be seen that introduces signiﬁcant nonparabolicity
in Fig. 8.1 for values of k ≥ 5× 108 m−1.
Equation (8.16) does not include the spin-orbit interaction in the valence
band. When this is included Eq. (8.16) should be replaced by [93]
H =


Ec0
√
2
3
kp
√
1
3
kp√
2
3
kp Ev0 0√
1
3
kp 0 Ev0 −∆so

 , (8.17)
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where ∆so indicates the spin orbit splitting energy. The upper eigenvalue of
Eq. (8.17) gives the CB dispersion Ec(k), shown by the dashed line in Fig. 8.1. It
can be seen that the results of using Eqs. (8.16) and (8.17) are in good agreement
with each other for the conduction band dispersion of GaAs.
8.3.2 LH band non-parabolicity
The light-hole (LH) band dispersion varies in the parabolic band model as
ELH = Ev0 − ~
2k2
2m0mL
, (8.18)
where m0 is the free electron mass and mL is the relative light-hole mass. This
model ignores that the light-hole band is nonparabolic, due both to the interaction
with the conduction band and an anti-crossing interaction with the split-oﬀ band.
The later of these is more important for GaAs. Using the 6-band Luttinger Kohn
(LK) valence band Hamiltonian [94], the band dispersion of the light-hole band
can be calculated by evaluating the upper eigenvalue of the 2 × 2 Hamiltonian,
given by
H =


ELH
√
3γ2
~
2k2
2m0√
3γ2
~
2k2
2m0
Eso

 , (8.19)
Table 8.1: Electrical and optical parameters in GaAs.
Parameter Symbol GaAs
Lattice constant [92] a0 5.653 + 3.88× 10−5(Te − 300) (Å)
Electron eﬀective mass(Te) [91] 10/ 300 K
conduction m∗c 0.063/ 0.067(m0)
light hole ml 0.076/ 0.082(m0)
heavy hole mh 0.5/ 0.1(m0)
split-oﬀ mso 0.145/ 0.154(m0)
Energy gap (T = 0) Eg0 1.519 eV
Varshni parameters [92](
Eg = Eg0 − αTT
2
e
(βT + Te)
)
αT 5.408× 10−4 (eV/K)
βT 204
SO splitting energy [92] ∆so 0.34 eV
Refractive index [91] nr 3.255(1 + 4.5× 10−5Te)
Static dielectric constant [77] κ 12.4(1 + 1.2× 10−4Te)
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Figure 8.2: The valence bands of GaAs. The nonparabolic light hole band is
shown by solid green line, in comparison with parabolic band (given by dashed
red line). The dotted black and dash-dotted blue lines show the heavy hole and
split-oﬀ dispersion bands, respectively, assuming parabolic band dispersion.
where Eso is the split-oﬀ band dispersion, given as
Eso = Ev0 −∆so − ~
2k2
2m0
γ1. (8.20)
In the LK 6-band Hamiltonian, the light hole inverse mass (mL)−1 = (γ1 + 2γ2)
and the heavy-hole inverse mass (mH)−1 = (γ1 − 2γ2) so that you can evaluate
γ1 as
γ1 =
1
2
( 1
mL
+
1
mH
)
, (8.21)
and γ2 as
γ2 =
1
4
( 1
mL
− 1
mH
)
. (8.22)
We evaluate the upper eigenvalue of the determinant in Eq. (8.19) as
ELH,np =
ELH + Eso
2
+
√√√√(ELH −Eso
2
)2
+ 3
(
γ2
~2k2
2m0
)2
. (8.23)
The solid green line in Fig. 8.2 shows the nonparabolic light hole band dispersion
given by Eq. (8.23) for GaAs. The dashed red line shows the parabolic LH band,
and the dash-dotted blue line displays the split-oﬀ band dispersion. The heavy
hole and split-oﬀ band are assumed to be parabolic as shown in this ﬁgure. It
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can be seen that the interaction with the split-oﬀ band introduces an observable
nonparabolicity in the GaAs LH band dispersion for k ≥ 5× 108 m−1, which we
take into account in the absorption calculations presented below.
8.3.3 The joint density of states
In order to calculate the absorption spectrum we ﬁrst need to calculate the joint
density of states, between conduction band c, and valence band vi, as
Jc,vi =
k2
π2
|αc(k)|2
(dEc,vi/dk)
, (8.24)
where Ec,vi = Ec − Evi(k) and vi refers to either light hole (LH), heavy hole
(HH), or split-oﬀ (SO) band. αc(E) is included in Eq. (8.24) to describe the
energy dependence of the momentum matrix element squared, which is assumed
for Eq. (8.16) to vary as
|αc(k)|2 =
(
1 +
k2p2
E2v
)−1
. (8.25)
Therefore,
Jc,LH =
k2
π2
|αc(k)|2
(dEc/dk)− (dELH/dk) , (8.26)
Jc,HH =
k2
π2
|αc(k)|2
(dEc/dk)− (dEHH/dk) , (8.27)
and
Jc,SO =
k2
π2
|αc(k)|2
(dEc/dk)− (dESO/dk) . (8.28)
Having the joint densities of states the total absorption spectrum can then be
obtained, using Eq. (8.14), as
αtot = Fex
πe2~
nrcǫ0m20
M2b
~ω
(Jc,LH + Jc,HH + Jc,SO) . (8.29)
The nonparabolicity of the light hole valence band, ELH , is taken into ac-
count by Eq. (8.23), while here (for GaAs) the heavy hole and split-oﬀ bands are
considered to be parabolic as
EHH = Ev0 − ~
2k2
2mh
, (8.30)
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and
Eso = Ev0 −∆so − ~
2k2
2mso
. (8.31)
Perlin et al. [95, 96] and Skierbiszewski [41, 97, 98] measured the absorp-
tion spectrum for GaAs and In0.04Ga0.96N0.01As0.99. The solid black line in
Fig. 8.3 shows the GaAs absorption spectra measured by Skierbiszewski [41].
The dashed blue line in this ﬁgure shows the absorption coeﬃcient, calculated
ignoring electron-hole interaction (Fex = 1). Including the electron-hole interac-
tion given by Eq. (8.11), gives the red circles, which show a very good agreement
with the experimental result.
However we observed a 20 meV downward shift in the experimental absorption
spectra. This could be explained by the shrinkage of the CB due to heavy doping.
It has been shown that the CB shrinks downward relative to the valence band,
due to the exchange energy of donor electrons in the conduction band or acceptor
holes in the valence band [88]. By ﬁtting to experimental values of absorption
spectrum, Casey and Stern [99] determined an empirical expression for this energy
shrinkage for p-type GaAs at room temperature as
∆Eg = −1.6× 10−8(n)1/3, (8.32)
where n is in cm−3 and ∆Eg is in eV. For instance, considering n = 2×1018 cm−3
gives ∆Eg = −20 meV. Applying this shift in the CB of GaAs leads to the
absorption spectrum shown by the green line (with diamonds) in Fig. 8.3, that is
in excellent agreement with experimental result, for energies up to 2 eV, including
a kick in the absorption spectrum close to 1.75 eV, at the onset of transitions
between the spin-split-oﬀ band and the conduction band.
8.4 Optical absorption of dilute nitride alloys
The eﬀect of the incorporation of N in (In)GaNAs alloys can be described in dif-
ferent ways. We investigate here how the model chosen inﬂuences the calculated
alloy absorption spectrum. We ﬁrst present a simple model including isolated
and pair N states using the BAC model. We then modify this model by including
the nonparabolicity of the conduction and light hole and split-oﬀ bands, and the
interaction between the split-oﬀ and conduction bands. In the second model we
then include the full LCINS distribution of localised states using the SCGF model
in § 8.4.2.
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Figure 8.3: The absorption spectrum of GaAs at room temperature measured
by Skierbiszewski [41] (solid black line), in comparison with absorption spectrum
calculated by Eq. (8.29) with (red circles) and without (dashed green line) in-
cluding the electron-hole interaction. The green line with triangles represents the
eﬀect of shrinkage in energy gap by ∆Eg = −20 meV. The energy gap Eg and
Eg +∆so are indicated for GaAs.
8.4.1 Five-level BAC model
In this section we ﬁrst consider a simpler model, including isolated and pair N
states and their interaction with the host semiconductor conduction, valence and
spin orbit split-oﬀ bands. The conventional BAC model treats III-V conduction
band dispersion as a parabolic band given by Eq. (8.15). Here we include the
Kane nonparabolicity of the CB and of the light-hole and split-oﬀ bands, by
combining and the 3-level BAC model explained in Chapter 3. Therefore, we can
construct a 5× 5 Hamiltonian as
H =


Ec0 VNc VNNc
√
2
3
kp
√
1
3
kp
VNc EN 0 0 0
VNNc 0 ENN 0 0√
2
3
kp 0 0 Ev0 0√
1
3
kp 0 0 0 Ev0 −∆so


, (8.33)
The energy of the isolated N levels (EN), N-N pair states (ENN ) and the conduc-
tion band edge Ec0 are assumed to vary with composition, x, and temperature,
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T , as [21]
EN = EN0 + γNx+ aNT, (8.34)
ENN = ENN0 + γNNx+ aNNT, (8.35)
and
Ec0 = Eg − γxx. (8.36)
As mentioned in Chapter 3 the interaction parameters are given by VNc = βN
√
xN
and VNNc = βNN
√
xNN , where the concentrations of single N and N-N pair states
xN and xNN respectively, are determined from the total N concentration x as
xNN = 6x2 and xN = x − 2xNN . The chosen values of the above parameters for
(In)GaNAs are given in Table 8.2.
Calculating eigenvalues (the determinant of the characteristic equation) of
this matrix gives the dispersion for 5 bands, namely the light-hole and split-oﬀ
valence bands, and three conduction bands denoted by El, Em, and Eu for lower,
middle and upper bands, respectively. Fig. 8.4 displays the band dispersion for
In0.04Ga0.96N0.01As0.99 where we have included also a parabolic heavy hole band
given by Eq. (8.30) and nonparabolic light hole band given by Eq. (8.23).
The fractional Γ character, deﬁned as the contribution of the host matrix CB
states, can be calculated by ﬁnding the eigenvectors of Eq. (8.33)


Ec0 VNc VNNc
√
2
3
kp
√
1
3
kp
VNc EN 0 0 0
VNNc 0 ENN 0 0√
2
3
kp 0 0 Ev0 0√
1
3
kp 0 0 0 Ev0 −∆so




αc
αN
αNN
αv
αSO


= E


αc
αN
αNN
αv
αSO


. (8.37)
Following a method similar to Appendix A, the fractional Γ character (fΓ(E) =
|αc|2) is given by
fΓ(E)=
[
1 +
V 2Nc
(E −EN )2+
V 2NNc
(E − ENN)2 +
(2/3)k2p2
(E −Ev0)2+
(1/3)k2p2
(E − Ev0+∆so)2
]−1
.
(8.38)
Here, for each conduction sub-band we use the appropriate energy E, as shown
in Fig. 8.4 by El, Em and Eu.
The joint density of states for transitions from the valence band vi to the
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Figure 8.4: The band dispersion for In0.04Ga0.96N0.01As0.99 in 5-level BAC model.
conduction band cf , is given by Eq. (8.24)
Jcf,vi =
k2
π2
fΓ(Ef)
(dEf,i/dk)
, (8.39)
where Ef,i = ~ω = Evi−Ecf is the energy separation between the CB cf and the
valence band vi. The absorption spectrum for this transition, using Eq. (8.10) is
given by
αcf,vi(~ω) =
πe2~
nrcǫ0m20
M2b
~ω
Jcf,vi(~ω). (8.40)
Figure 8.4 represents the band dispersion of In0.04Ga0.96N0.01As0.99 and all
possible transitions. The total absorption spectrum is given by the summation
of nine individual absorption spectra for optical transitions from LH, HH and
spin-orbit bands to CB sub-bands calculated using 5-level BAC model, i.e. El,
Em and Eu.
The total absorption is the sum of the contribution from all the transitions,
shown in Fig. 8.4, between diﬀerent valence and conduction bands. In total nine
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individual transitions should be considered as
αT = Fex
∑
cf,vi
αcf,vi
= Fex
(
αl,HH + αm,HH + αu,HH + αl,LH
+ αm,LH + αu,LH + αl,SO + αm,SO + αu,SO
)
. (8.41)
where αSO−l, αSO−m and αSO−u are the absorption spectra from split-oﬀ band
to lower, middle and upper sub-bands, respectively, and with a similar notation
used for transitions from the HH and LH bands. The absorption spectrum for
each transition is given by Eq. (8.40). For instance for transition from the light
hole band ELH to the lower conduction band, El
αl,LH(~ω) =
πe2~
nrcǫ0m
2
0
M2b
~ω
Jl,LH(~ω), (8.42)
where Jl,LH(~ω) is the joint density of states of the lower CB , El, and respect to
the light hole band ELH , and is given by
Jl,LH(~ω) =
k2
π2
fΓ(El)(
d(El −ELH)
dk
) . (8.43)
8.4.2 The LCINS model
In order to include the full distribution of N states we need to use the Green’s
function method in the framework of the LCINS model. In Chapter 5 we showed
that the conduction band Green’s function could be written as
Gkk(E) =

E − Ek − 1Nc
∑
j
|Vj |2
E −Ej −∆Ej(E)


−1
, (8.44)
where the (complex) energy shift of each localised state j is given by
∆Ej(E) =
|Vj|2
Nc
∑
k
Gkk(E). (8.45)
The density of states of the CB is given by
Dcb = −L
3
π2
∫
ℑ (Gkk) k2dk. (8.46)
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Replacing the integral by a sum over k this equation can be written as
Dcb = −L
3
π2
ki,max∑
ki = 0
k2iℑ [Gkiki(E)] . (8.47)
The joint density of state between the CB and valence band vi can be obtained
using
Jc,vi = −L
3
π2
ki,max∑
ki = 0
k2iℑ
[
Gkiki (E − Evi)
]
, (8.48)
where Evi is the energy of the valence band vi which, similar to previous section,
can be the light hole (LH), heavy hole (HH), or split-oﬀ (SO) band. We take
into account the nonparabolicity of the LH band given by Eq. (8.23), but assume
parabolic heavy hole and split-oﬀ bands given by Eq. (8.30) and Eq. (8.31),
respectively.
Having the joint DOS the optical absorption spectrum can be calculated using
αtot = Fex
πe2~
nrcǫ0m20
M2b
~ω
(Jc,LH + Jc,HH + Jc,SO) , (8.49)
The Green’s function given by Eq. (8.44) ignores the nonparabolicity of the
host semiconductor CB. In order to consider the Kane non-parabolicity, the
Green’s function given by Eq. (8.44) could be modiﬁed as
Gkk(E) =

E − Ec − p
2k2
E − Ev −
1
Nc
∑
j
|Vj|2
E − Ej −∆Ej(E)


−1
, (8.50)
8.5 Results for InyGa1−yNxAs1−x
Perlin, Skierbiszewski and their coworkers [41, 95–98] measured the absorp-
tion spectra for In0.04Ga0.96N0.01As0.99 and In0.08Ga0.92N0.015As0.985, and compared
them with GaAs absorption data. Turcotte et al. [100, 101] recently measured
the optical absorption spectrum of GaNxAs1−x and InyGa1−yNxAs1−x for several
values of x and y. Here, we calculate absorption spectra for In0.04Ga0.96N0.01As0.99
and compare them with Skierbiszewski measurements at diﬀerent temperatures.
8.5.1 5-level model
The interaction between the InGaAs valence and conduction bands and with iso-
lated and pair N states in InyGa1−yNxAs1−x can be described using Eq. (8.33).
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Figure 8.5: The fractional Γ character for In0.04Ga0.96N0.01As0.99, calculated by
5-level BAC model, at T = 10 K.
The band structure parameters for InyGa1−yAs are taken to vary with In com-
position, y, and temperature, T , as shown in Table 8.2. Also the energy and the
interaction of isolated and pair N states are taken to vary with In composition
and temperature as given in Tables 8.1 and 8.2. Fig. 8.4 shows the calculated
band structure of In0.04Ga0.96N0.01As0.99 where the three conduction sub-bands
(Eu(k), Em(k) and El(k)) are determined as the eigenvalues of Eq. (8.33). Also
we consider the lowest eigenvalue of Eq. (8.33) as the split-oﬀ band energy (ESO).
The non-parabolic light hole (ELH) is given by Eq. (8.23), and the heavy hole
Table 8.2: BAC model parameters for InyGa1−yNxAs1−x [6, 19, 100].
Parameter Symbol GaAs
N energy EN0 1.706(1− y) + 1.44y − 0.38y(1− y) (eV)
N-N energy ENN0 1.486(1− y) + 1.44y − 0.38y(1− y) (eV)
dEN/dT aN −2.5× 10−4 (eV/K)
dENN/dT aNN −2.5× 10−4 (eV/K)
dEN/dx γN −0.22 (eV)
dENN/dx γNN −0.22 (eV)
dEc/dx γx −2.1 eV
N interaction βN 1.97(1− y) + 2y − 3.5y(1− y) (eV)
N-N interaction βNN 2.69(1− y) + 2y − 3.5y(1− y) (eV)
Energy gap Ec0 Eg,GaAs − 1.33y + 0.27y2 (eV)
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Figure 8.6: The absorption spectrum for In0.04Ga0.96N0.01As0.99 calculated using
the 5-level BAC model at T = 10 K. The contribution of the transitions between
three valence bands and three conduction sub-bands are shown. The solid arrows
designate the transitions from heavy (HH) and light (LH) hole bands to lower (l),
middle (m), and upper (u) conduction sub-bands. The dashed arrows indicate
the transitions from spin-orbit split-oﬀ band to conduction sub-bands.
band (EHH) has been considered to be parabolic, as given by Eq. (8.30).
The fractional Γ character of the conduction sub-bands is also required in order
to calculate the joint density of states between the conduction and valence bands.
Fig. 8.5 shows the Γ character of the CB for In0.04Ga0.96N0.01As0.99, obtained using
Eq. (8.38). It is observed that in the lower sub-band it starts from its maximum
value at the CBE, and decreases toward zero at the top of the lowest band. It
increases again from zero to its maximum around 0.4 and goes back to zero in the
middle band. Then in the upper band it increases gradually from its minimum
at the bottom of the upper band, approaching an approximately constant value
around E = 2.1 eV.
Figure 8.6 shows the calculated contributions of the diﬀerent transitions to the
total absorption spectrum. The solid, dashed and dotted lines in this ﬁgure rep-
resent the contribution for transition from LH, HH, and SO bands, respectively,
to the conduction sub-bands. The red, blue and green lines indicate transition to
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Figure 8.7: The absorption spectrum for In0.04Ga0.96N0.01As0.99 calculated using
the 4-level (red line with crosses) and the 5-level BAC model (green line with
circles). The black dots and line show the measured and calculated spectrum by
Skierbiszewski [41] at temperature 10 K.
the upper, middle, and lower conduction sub-bands, respectively. The summa-
tion of these nine transitions is shown by the black dash-dotted line in this ﬁgure.
Multiplying this by Fex gives the total absorption spectrum, shown by the brown
circles in this ﬁgure.
In Chapter 3 we have seen that the two and three-level BAC models predict a
gap in the DOS. However it is clear from Fig. 8.6 that the joint DOS for diﬀerent
transitions overlap and ﬁll this gap. Therefore no gap is seen in the absorption
spectrum in (In)GaNAs alloys.
Figure 8.7 compares the calculated absorption spectrum using the 5-level BAC
model with that measured and calculated by Skierbiszewski [41]. The 4-band
model here refers to calculations which ignore the N-N pair states. The black
dots in this ﬁgure are the experimental results for the absorption spectrum of
In0.04Ga0.96N0.01As0.99 at T = 10 K. The solid black line shows the calculated ab-
sorption coeﬃcient using the 2-level BAC model [96] with constant VNc = 2.7 eV
and EN = 1.65 eV. This line shows some discrepancies with the experimental
data, especially around the transition to the upper sub-band of the BAC model.
The arrows in this ﬁgure indicate the diﬀerent transitions from the split-oﬀ, heavy
and light hole band edges to the lower and upper sub-band band edges, in the
BAC model. Our 4- and 5-level BAC models show much better agreement with
the experimental measurements. The absorption spectrum, calculated by our
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Figure 8.8: Calculated distribution of N cluster state energies at low temperature,
weighted by their interactions with the conduction band edge state for GaNxAs1−x
with x = 0.84% and x = 1.2%.
four-level BAC model, shows a much better agreement with the experiment than
the result of the BAC model by Perlin et al. [96]. This is because of using bet-
ter BAC parameters taken in this work in comparison with earlier study [96], as
well as including the valence band nonparabolicity in our calculations. However,
the absorption edge predicted by this model is a bit higher than that seen in
the experimental spectrum, and including the eﬀect of N pair states in the 5-
band model eliminates this diﬀerence. In our parameterisation, the N pair states
push the CBE down to 1.28 eV, close to the value of the experimental absorp-
tion edge. This model still shows some steps corresponding to the transitions
from the HH and LH band to the lower, middle and upper conduction sub-bands
(see Fig. 8.6), whereas the experiment shows a much smoother absorption spec-
trum and has only one pronounced step around E = 1.85 eV. This is due to the
fact that in the ﬁve-band model, we have considered isolated and pair N states.
Considering the full distribution of N states can make the calculated absorption
spectrum smoother and more similar to the experimental data.
8.5.2 LCINS approach
In order to calculate the absorption spectrum using the LCINS model, we ﬁrst
calculate the Green’s function for the CB, given by Eq. (8.50). Fig. 8.8 shows
histograms of the LCINS distribution of localised states for GaNxAs1−x with
x = 0.84% and x = 1.2%. This ﬁgure shows that the LCINS distributions
for x = 0.84% and x = 1.2% are very similar. This implies that the LCINS
distribution for GaNxAs1−x with x = 1.0% can be approximated by the one for
x = 1.2%. However, the calculated CBE at x = 1.2% (indicated by E−) is
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Figure 8.9: The absorption spectrum for In0.04Ga0.96N0.01As0.99 calculated by the
SCGF approach, and LCINS distribution of N states at T = 10 K (red line with
circles). The black dots and line respectively show the measured and calculated
spectrum by Skierbiszewski [41] at this temperature. The contribution of tran-
sitions from HH, LH, and SO bands to the CB are shown by green stars, blue
triangles and brown crosses, respectively.
about 30 meV lower than the CBE for x = 0.84%. In the 5-band BAC model
we assumed that the energy gap in InyGa1−yAs is given by Eg,GaAs − 1.33y +
0.27y2. Also, the BAC model parameters in Table 8.2 suggest that including 4%
In in In0.04Ga0.96N0.01As0.99 reduces the interaction VN(E) by about 5%, which we
ignore in the LCINS model. Therefore, as we do not have the LCINS distribution
for In0.04Ga0.96N0.01As0.99, We approximate it here by the LCINS distribution
calculated for GaN0.012As0.988.
We can then calculate the Green’s function for In0.04Ga0.96N0.01As0.99 alloy
using Eq. (8.50). Fig. 8.9 displays the calculated absorption spectrum at T =
10 K including the full LCINS distribution of N states, and compares it with the
absorption spectrum measured by Skierbiszewski [41]. Clearly the sharp steps
that we saw in the 4 and 5-level BAC model disappear due to the inclusion of
the distribution of localised states. This gives a better overall agreement with
the experimental data. The remaining discrepancies between the calculated and
experimental data may be due to the fact that we have approximated the N
distribution by the one that was previously calculated for GaN0.012As0.988.
The room temperature absorption coeﬃcient calculated from the SCGF
method including the full LCINS distribution of N states is shown in Fig. 8.10.
The solid black line in this ﬁgure displays the absorption spectrum measured by
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Figure 8.10: The room temperature absorption spectrum for
In0.04Ga0.96N0.01As0.99 calculated using the LCINS (red circles and blue di-
amonds) and 5-level BAC (dashed lines) models. The red and blue curves
display the results with and without including the electron-hole interaction. The
solid black line shows the experimental data.
Skierbiszewski [41] at T = 300 K. The red circles in this ﬁgure show the ab-
sorption spectrum calculated in the LCINS model, where Fex is calculated using
Eq. (8.11). The blue diamonds here indicate the result when we consider Fex = 1.
The dashed blue and red lines in this ﬁgure show the optical absorption calcu-
lated using the 5-level BAC model, assuming Fex = 1 and given by Eq. (8.11),
respectively. Here, we again observe that the results calculated using the LCINS
model have lower values in comparison with those calculated by the 5-level BAC
model. This is because of the diﬀerences in the band non-parabolicity that we
have considered for the valence bands, in the LCINS and 5-level LCINS models.
Figures 8.9 and 8.10 suggest that Fex might have a stronger temperature
dependence than what we have considered in our calculation. 1
Comparison between the absorption spectrum of In0.04Ga0.96N0.01As0.99
(shown in Fig. 8.10) and GaAs (shown in Fig. 8.3) conﬁrms that the absorp-
tion edge shifts towards lower energies with increasing N composition x. Also
comparing the absorption spectrum of In0.04Ga0.96N0.01As0.99 at low and room
temperatures, shown by Figs. 8.9 and 8.10, respectively, indicates that the band
edge of InyGa1−yNxAs1−x decreases by about 80 meV when we increase the tem-
1The temperature dependence is considered only in the static dielectric constant as shown
in Table 8.1 in calculating exciton Rydberg energy in Eq. (8.12) .
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perature from 10 to 300 K.
8.6 The absorption spectrum for GaNxSb1−x
Our focus in this thesis have been on the electrical and optical properties of
(In)GaNAs alloys. We can apply our calculations to other dilute nitride alloys.
Here we extend our calculations to investigate the absorption spectrum of GaNSb.
The room temperature band gap of GaSb is about 725 meV, around half that of
GaAs. Lindsay and O’Reilly [6, 103] have reported that N-related defect levels lie
close to the CBE in GaNSb, and therefore strongly perturb the lowest conduction
states in this alloy. The band gap and optical properties in GaNxSb1−x are shown
to be strongly aﬀected and highly sensitive to the distribution of the nitrogen
atoms. Lindsay et al. [103] found that there is a wide distribution of N levels
lying close to and below the CBE. The higher-lying N states push the CBE down
in energy, as in GaAs, but the large number of lower-energy N states mix in
strongly with the conduction band edge states, severely disrupting the band edge
dispersion in GaNSb.
Here, we ﬁrst investigate the band structure and optical absorption spectra
of GaNxSb1−x in the 5-level BAC model, and compare the results with the ab-
sorption spectra measured by Jeﬀerson et al. and by Veal et al. [102, 104]. We
then apply the SCGF method to GaNxSb1−x in § 8.6.2. As the LCINS distribu-
tions have not yet been calculated for these alloys, we modify those calculated
for GaNAs alloys and use them in our calculations.
Table 8.3: GaNxSb1−x parameters at room temperature.
Parameter Symbol GaAs
Lattice constant [92] a0 6.09593 (Å)
Electron eﬀective mass [92]
conduction m∗c 0.039(m0)
light hole ml 0.0439(m0)
heavy hole mh 0.25(m0)
split-oﬀ mso 0.12(m0)
SO splitting energy ∆so 0.76 (eV)
Energy gap [102] Eg 0.725 (eV)
Refractive index [92] nr 3.8
N energy [6] EN0 0.82− 2.3× x (eV)
N-N energy [6] ENN0 0.48− 2.3× x (eV)
N interaction [6] βN 2.4 (eV)
N-N interaction [6] βNN 3.39 (eV)
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Figure 8.11: The band dispersion of GaN0.012Sb0.988 calculated by the 5-level BAC
model. The sold lines display the conduction bands including upper (Eu), middle
(Em), and lower (El) sub-bands. The dashed lines show the spin orbit split-oﬀ
(ESO), light hole (ELH) and heavy hole (EHH) bands.
8.6.1 Absorption spectrum in the 5-level BAC model
When a single Sb atom is replaced by N in GaSb, the N atom introduces a
localised state with energy EN . However, a GaNSb alloy can also contain clusters
of N atoms, such as N-N nearest neighbour pairs as well as larger clusters that
introduce states in the band gap of GaSb. Table 8.3 contains the band parameters
that we use for GaNxSb1−x and including the isolated N state energies, N energy
states, EN and N pair state energies, ENN relative to the valence band maximum
energy, and the BAC interaction parameters βN and βNN . As shown in this table,
isolated N states are calculated to be less than 0.1 eV above the conduction band
minimum, while the N pair states have energies in the middle of the GaSb band
gap. The calculated energy gap of GaNxSb1−x depends strongly on the assumed
N distribution, reﬂecting that N cluster states introduce a series of defect levels
close to the CBE in this alloy. Also calculated values of the interaction parameters
(βN and βNN ) in GaNxSb1−x indicate that the interaction between these states
and the host semiconductor CB is about 20% stronger than for GaNAs alloys.
Figure 8.11 shows the conduction and valence bands dispersion, calculated
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Figure 8.12: The absorption spectrum of GaN0.012Sb0.988 calculated by the 5-
level BAC model (red line with circles), in comparison with experimental data
measured for GaNxSb1−x with x = 1.18% and x = 1.22% (solid lines). Blue
triangles show the calculated result broadened to a Gaussian of width 0.1 eV.
using the ﬁve-level BAC model given by the Hamiltonian of Eq. (8.33). The solid
lines in this ﬁgure show the conduction sub-bands. Here we include the isolated
and pair N states and their interaction with the GaSb conduction and valence
bands, as explained in § 8.4. Since EN is very close to the GaSb CBE, we observe
that the lower sub-band (El) is almost ﬂat and located within the GaSb band
gap. The band edge minimum for this band is 0.39 eV and its maximum energy
is 0.45 eV. This implies that substitution of only x = 1.2% N by Sb in GaSb
reduced the energy gap rapidly from 725 meV to 390 meV. This value for the
band gap of GaNxSb1−x with x = 1.2% is very close to that which was previously
measured [102] and calculated using k.p [103] and ab initio pseudopotential [105]
calculations.
The middle sub-band (Em) lies between 0.55 and 0.78 eV, and the upper sub-
band (Eu) minimum is close to 1.0 eV. The blue dashed line in Fig. 8.11 shows the
non-parabolic spin orbit split-oﬀ band (ESO), calculated by the lowest eigenvalue
of Eq. (8.33). Also, the non-parabolicity of the light hole band (ELH) has been
taken into account using Eq. (8.23), while we assumed that the heavy-hole (ELH)
band has a parabolic dispersion.
Given the band dispersion we can calculate the optical absorption as de-
scribed in § 8.5. The red circles in Fig. 8.12 display the absorption spectrum
of GaN0.012Sb0.988 calculated using the 5-level BAC model. Green and brown
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solid lines in this ﬁgure show the absorption spectra measured by Veal [106] for
GaNxSb1−x with x = 1.18% and x = 1.22%. Our calculated absorption edge is in
good agreement with these experiments. However, there are two sharp steps in
the calculated spectra corresponding to transitions from the light and heavy hole
bands to the middle and upper sub-bands. We observe that the experimental ab-
sorption spectrum, α(E), increases from zero at the CBE, to about 3× 103 cm−1
at energy E = 0.55 eV, that is the band edge of the middle sub-band. After
this point the slope of the spectra decreases up to E = 1 eV, the minimum of
the upper conduction sub-band. Then due to the transition from valence bands
to the upper conduction sub-band, after this point the magnitude of the calcu-
lated absorption spectra increases rapidly. The spin-orbit splitting energy, ∆so,
is 0.76 eV. Therefore transitions from this band to the conduction sub-bands do
not have any eﬀect for energies up to 1.15 eV, where we see a small increase in
the calculated absorption spectrum due to transition from the spin orbit split oﬀ
band to the lowest conduction sub-band ESO. The calculated optical absorption
using a 5 × 5 k.p Hamiltonian, accounts well for the absorption edge. Wang et
al. [107] have also measured the absorption edge of GaNxSb1−x with x = 0.3%,
x = 0.7% and x = 1.4%, with the measured band edge energies in very good
agreement with those calculated by the 5-level model of this chapter.
Note that there are two sharp features in this calculated result that are not
observed in experiments. This could be due to the fact that we included only iso-
lated and pair N states in this model and ignored the distribution of N states and
their inhomogeneous broadening. We can consider the eﬀects of localised states
broadening by broadening the calculated spectrum using a Gaussian function.
The blue triangles in Fig. 8.12 show the calculated absorption spectrum when it
is broadened by a Gaussian with width 0.1 eV. We observe that this result agrees
better with the experiments. The results for the calculated absorption spectrum
using a 5-level BAC model suggest that we need to include the full distribution
of N states in optical absorption calculations.
8.6.2 Absorption spectrum in the LCINS model
It has been shown that the calculated electronic structure of GaNxSb1−x strongly
depends on the assumed distribution of N atoms [103]. Therefore, in order to cal-
culate an accurate band dispersion for this alloy, we need to have the distribution
of localised states. Unfortunately, such a distribution has not been calculated for
GaNxSb1−x. However, we expect that the distribution of N states in GaNxSb1−x
should be very similar to the LCINS distribution that Lindsay et al. [11] have
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calculated for GaNxAs1−x alloys. Therefore, here we consider the LCINS distri-
bution of N states in GaNxAs1−x, and, with some small modiﬁcations, use that
for GaNxSb1−x alloys.
In the previous section we have seen that the energy of an isolated N state
EN is about 0.82 eV. So, we ﬁrst need to shift the LCINS distribution of
GaN0.012As0.988 to locate the highest peak at this energy. The dashed red line
in Fig. 8.13 displays the LCINS distribution of N states, weighted by V 2j /
√
Nc,
calculated for GaNxAs1−x with x = 1.2%, and shifted down in energy by 888 meV.
This distribution can be approximated by three Gaussian distributions, each cor-
responding to diﬀerent N environments. It is observed in this ﬁgure that if we
align the main peak at E = 0.82 eV, the lowest peak corresponding to pair N-N
states is located at 0.55 eV, which is higher than the values that we considered
for ENN in the BAC model. Therefore, we shift the Gaussian distributions cor-
responding to pairs and larger clusters of N states down by a further 70 meV.
Moreover, the BAC model parameters in Table 8.3 suggest that in GaNSb the
interaction parameters, βN and βNN , are 20% stronger than in GaNAs. Therefore
we multiply the N LCINS values by 1.44 to account for this diﬀerence. The blue
solid line in Fig. 8.13 presents the distribution of N states that we consider for
GaN0.012Sb0.988 in our calculation.
Having the distribution of N states we are able to calculate the Green’s func-
tion for GaN0.012Sb0.988 using Eq. (8.44) and Eq. (8.45), self-consistently. Also
the density of CB states can be calculated using Eq. (8.46). Fig. 8.14 shows the
DOS of GaN0.012Sb0.988 calculated by the SCGF, and including the distribution of
localised states shown by the solid blue line in Fig. 8.13. The gaps corresponding
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Figure 8.13: The distribution of N states assumed for GaN0.012Sb0.988 (blue line),
in comparison with the LCINS distribution of GaN0.012As0.988, shifted down in
energy by 888 meV (dashed red line). The zero of energy is taken to be at the
top of the GaSb valence band.
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Figure 8.14: The density of states of GaN0.012Sb0.988 calculated using the SCGF
method and including the distribution of N states given in Fig. 8.13.
to isolated and pair N states are clearly observed in this plot. Also, at energies
around 0.65 eV the DOS has a small gap that is related to the higher cluster of
N states.
We can also calculate the absorption spectrum in SCGF model explained in
§ 8.4.2. The blue line with diamonds in Fig. 8.15 shows the calculated absorption
coeﬃcient using this method. As we expected this method shows a better agree-
ment with experiments, than the result of the 5-level BAC model (shown by red
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Figure 8.15: The absorption spectrum of GaN0.012Sb0.988 calculated by the SCGF
model and including the distribution of localised states (blue diamonds), in com-
parison with experimental data measured for GaNxSb1−x with x = 1.18% and
x = 1.22% (solid lines). The results calculated by the 5-level BAC model are
displayed by the red line with circles.
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circles in this plot).
For the considered N distribution, this calculation suggests more gaps in the
DOS of GaN0.012Sb0.988 compared to what we have observed in Chapter 5 for
GaN0.012As0.988. However, experimental data indicate that there are fewer fea-
tures in the GaNSb absorption spectra than in the GaNAs ones. This could
be because of the intrinsic diﬀerences between the distribution of N states in
GaNSb and InGaNAs samples, or inhomogeneities in the samples investigated
experimentally.
8.7 Summary
In this chapter we presented an analysis of the optical absorption spectra using
the band structure calculations presented in previous chapters. We have consid-
ered two diﬀerent models to calculate the absorption spectra in InGaNAs and
GaNSb alloys and compared our results with experimental measurements. There
are some discrepancies between experimental data in similar samples that make
quantitative comparison diﬃcult.
Two models have been considered to calculate the absorption spectrum in
these materials: The 5-level BAC and LCINS models. The 5-level BAC model
included isolated and pair N states and their interactions with the host semicon-
ductor valence and conduction bands. The results of this model for InGaNAs
alloys give an overall good agreement with experiments, and predict accurate ab-
sorption edge for these alloys. However, the results of 5-level BAC model conﬁrms
that we need to consider full distribution of N states in our calculations.
Then we extended our calculations to include the LCINS distribution using
the SCGF approach presented in Chapter 5. The results of calculated absorption
spectrum using the SCGF approach including the LCINS distribution provide
very good agreement with experiments. This conﬁrms the validity of using the
SCGF approach including the distribution of localised states to study the band
structure of dilute nitride alloys.
Our calculated absorption spectra for GaNSb alloys ﬁt well with experiments
at the absorption edge, and predict the correct band gap in these alloys. However,
the absorption spectrum calculated in the BAC model contains some features
associated with individual transitions to lower and upper sub-bands in the model
that are not seen in the measured absorption spectra. Taking the distribution
of localised states into account reduces the impact of these features and gives
results more similar to experimental absorption. But we still see some dips in
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our calculated spectra that are not seen in any experiment. We conclude that
the distribution of N states in GaNSb alloys are diﬀerent from what we found
for InGaNAs samples. The position and broadening of localised states seem
to be diﬀerent from (In)GaNAs alloys and more work is needed to address and
resolve why more structure is observed in the calculated absorption than measured
spectra.
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Conclusions and further work
9.1 Conclusions
In this thesis we investigated the eﬀects of substitutional N atoms on the elec-
trical and optical properties of dilute nitride semiconductors. Our focus was on
the band structure, carrier scattering, mobility and high ﬁeld transport in these
materials. In Chapters 3 to 5 we ﬁrst tried to understand the band structure of di-
lute nitride alloys using the BAC and Green’s function approaches and examined
their accuracy by comparing their results with numerical diagonalisation of the
Hamiltonian of large supercells containing localised states randomly distributed
throughout the cell along with momentum eigenstates. This comparison led us to
develop the self-consistent Green’s function method which gives excellent agree-
ment with the supercell model. Then in chapters 6 and 7 we used these models to
study hot electron transport and carrier mobility in GaNxAs1−x alloys. Finally
in Chapter 8 we tested the band structure methods developed in this thesis by
calculating absorption coeﬃcients for InyGa1−yNxAs1−x and GaNxSb1−x alloys
and compared them with experimental absorption spectra.
In Chapter 3 we ﬁrst modiﬁed the BAC model to include N state energy
broadening and energy shift, which were calculated using second order perturba-
tion theory. This modiﬁed BAC model with complex N energy predicts similar
DOS to those calculated by the Green’s function approach. The gap in the DOS
above the N state energy level predicted by the BAC model (without N broad-
ening), is ﬁlled in both calculations. In this chapter the N-N pair states have
been included in the 3-level BAC model. We extended this method to the LCINS
model to include the full distribution of localised states. The DOS and the band
dispersion of GaNxAs1−x were compared in diﬀerent models. The DOS in the
LCINS model contains features associated to N-N pairs and other N clusters.
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In order to investigate the accuracy of the BAC and Green’s function mod-
els discussed in Chapter 3, we presented a supercell model in Chapter 4, where
we solved a random impurity Hamiltonian, based on the Anderson many impu-
rity model. We considered a very large supercell with randomly placed nitrogen
atoms. We simpliﬁed the model assuming that all N states have the same energy
EN . We then compared calculated DOS and fractional Γ character calculated
by the eigenvalues and eigenvectors of this Hamiltonian, with the results of the
2-level BAC model (with broadening). This comparison conﬁrmed the validity
of the BAC model to study the band structure and the DOS in dilute nitride
alloys. However it also highlighted discrepancies around N state energies. Con-
trary to the two-level Green’s function and the BAC (with N broadening) models,
the DOS calculated by the supercell calculation predicts a gap in the conduction
band for the Anderson impurity Hamiltonian used. Also the comparison between
the total DOS and the fractional Γ character in the supercell and BAC model
revealed some diﬀerences around N state energies. These results suggested that
the N broadening and the shift in the real part of the energy should be energy-
dependent. Moreover, the BAC model introduces errors in the DOS as there is no
maximum cut-oﬀ wave vector in this model. In fact it requires an inﬁnite density
of N levels interacting with the host matrix extended conduction states.
In Chapter 5 we modiﬁed the Green’s function approach developed by Martin
Vaughan [33] by including an energy-dependent complex energy shift ∆Ej(E),
where the imaginary and real parts of ∆Ej(E) were interpreted as N broadening
and the shift in the localised states energy, respectively. We calculated the energy
shift ∆Ej(E), self-consistently, enabling us to then calculate the Green’s function,
Gkk. The DOS obtained by the imaginary part of the Green’s function provide
excellent agreement with those calculated in the supercell calculations. The 2-
level SCGF, which ignores the N-N pairs and higher cluster of N states, predicts a
gap in the DOS as seen in the supercell model. Including the N state distribution,
given by the LCINS model, ﬁlls this gap (for N composition x < 2%), in agreement
with experimental measurements. The DOS and the band dispersion calculated
using the SCGF method, including LCINS distribution, show additional features
associated with N-N pairs and higher N clusters.
In Chapters 6 and 7 we turned to investigate the consequences of N incorpo-
ration on carrier scattering and high ﬁeld mobility. In Chapter 6 we solved the
steady state Boltzmann transport equation and calculated drift velocity and car-
rier mobility for GaNAs alloys. As it is very diﬃcult to treat the Green’s function
band structure in the Boltzmann transport equation, we used and compared the
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results of two approaches: the parabolic band model and the BAC model. The
former is likely to provide a lower bound on the eﬀects of N incorporation, while
the second approach clearly overestimates the eﬀects of N on the band struc-
ture. In the parabolic band model we ignored the eﬀect of N states on the band
structure of the GaNAs alloys and assumed that the conduction band retains a
parabolic dispersion, but included explicitly the strong resonant scattering associ-
ated both with isolated N atoms and also with an LCINS distribution of N states.
We observed that the strong scattering by N states limits the mobility and the
acceleration of carriers to higher energy. This means that carriers require much
higher electric ﬁeld to scatter to the higher energy L valley. In the BAC model
we assumed carriers are constrained in the lower band of the BAC model and
scattered by phonons and nitrogen states. This model gives good results at lower
ﬁeld but because of the unphysical constraint of limiting carriers to the lower
BAC band, it breaks down at intermediate and high ﬁeld. We showed, for lower
N concentration, in agreement with previous Monte-Carlo calculations [16, 58]
and experimental results [15], that a negative diﬀerential velocity (NDV) can still
be present, but at higher electric ﬁelds than those where NDV occurs in GaAs.
However, for higher N compositions NDV disappears, as seen in experimental
measurement [57].
Then in Chapter 7 we expanded the mobility calculations of Chapter 6 by
including the band structure and the carrier scattering calculated using the SCGF
approach. The poles of the Green’s function calculated in this chapter provided an
accurate band structure and scattering rate for GaNAs alloys that enabled us to
calculate group velocity, mobility and mean free path of carriers for dilute nitride
alloys. The carrier mobility calculated in Chapter 7 showed better agreement
with experiment than previous calculations using a parabolic band model.
Finally in Chapter 8 we tested the band structure models developed in Chap-
ters 3 to 5 by comparing the absorption spectra predicted by these models
with experimental data. The results of absorption coeﬃcients calculated for
InyGa1−yNxAs1−x alloys in this chapter showed very good agreement with exper-
iments. This conﬁrms the validity of the SCGF approach presented in Chapter 5.
In this chapter we extended our calculations to examine the DOS and absorption
coeﬃcient for GaNxSb1−x alloys for which much less studies have been done. Our
calculated optical absorption for GaNSb alloys ﬁts well with experiments at the
absorption edge, and provides the correct band edges for these alloys. However,
the absorption spectrum we calculated has more features than seen experimen-
tally. We conclude that further work is required to identify whether this is due
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to inhomogeneities in the samples investigated experimentally or to intrinsic dif-
ferences between the distribution of N states in GaNSb and InGaNAs samples.
9.2 Future work
Although in this thesis we investigated the band structure, scattering and high
ﬁeld mobility for GaNAs alloys, our methods can be easily applied to other highly
mismatched semiconductors, including diﬀerent dilute nitride alloys and dilute
bismide semiconductors, containing bismuth (Bi). In Chapter 8 we applied our
band structure methods to study the band structure and absorption spectra of
InyGa1−yNxAs1−x and GaNxSb1−x alloys. Our studies for GaNxSb1−x show that
in order to accurately calculate band structure for dilute nitride alloys, it is
imperative to take in to account the actual distribution of localised states.
In order to study the high carrier transport, in Chapter 6 of this thesis, we
have considered two models that provide upper and lower limits of actual results.
The combination of information from these models gives a clear analysis of the
strong inﬂuence of N scattering on electron transport in dilute nitride alloys,
consistent with the observed experimental behavior across the complete range of
electric ﬁelds considered. However, it remains a challenging problem to describe
exactly high ﬁeld carrier transport in these materials, including details of the CB
dispersion such as we presented in Chapter 5 by the SCGF approach.
Moreover, in high ﬁeld studies in Chapter 6 we used the N scattering rate
calculated by Fahy et al. [13]. In Chapter 7 we obtained more accurate decay
rates using the poles of the Green’s function, which are much lower than previous
results [13], for energies far from the CBE of dilute nitride alloys. Using the decay
rates obtained by the SCGF method in Chapter 7 in the Boltzmann transport
equation, can give more accurate mobility and drift velocity in high electric ﬁled.
In this thesis we studied the band structure and transport of bulk dilute
nitride alloys. However, to understand the behaviour of carriers in quantum well
structure, we can lower the dimensions of our calculations to 2-D, to get a more
realistic picture of carrier transport in these alloys. This requires modiﬁcation of
the band structure calculations to obtain an appropriate DOS and band dispersion
for 2-D alloys. This can be done by calculating the Green’s function in two
dimensions, self-consistently. The poles of the Green’s function can then be used
to ﬁnd the band structure, scattering rate, and carrier mobility for 2-D dilute
nitride alloys.
Another possible interesting problem is the low temperature transport and
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investigation of the carrier behaviour in this regime. Also the eﬀect of pressure
on electron transport in dilute nitride alloys can be studied using the methods
presented in this thesis.
Overall, we conclude that the methods presented here are very well suited
to further investigations of the electronic structure and its consequences for the
transport properties of a wide range of highly mismatched semiconductor alloys.
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Appendix A
Calculating the fractional Γ
character
The DOS projected onto the kth conduction band state, |k〉, can be found from
the imaginary part of the Green’s function Gkk of Eq. (5.2). It can be shown that
this is equivalent to solving the Hamiltonian Hk [30], given by


Ek V1/
√
Nc V2/
√
Nc · · · Vn/
√
Nc
V1/
√
Nc E1 +∆E1 0 · · · 0
V2/
√
Nc 0 E2 +∆E2 · · · 0
...
... · · · . . . · · ·
Vn/
√
Nc 0 0 · · · En +∆En


×


αM
α1
α2
...
αn


= Hk


αM
α1
α2
...
αn


= E


αM
α1
α2
...
αn


, (A.1)
where Ek is the host matrix state of momentum k, and Ei is the energy of the ith
localised state, with complex energy shift ∆Ei arising from its interaction with
the continuum of delocalised states. Note that ∆Ej(εp) incorporates the coupling
of other than k excited state j to all host states of momentum k and is an energy
dependent quantity. Therefore
Vj√
Nc
αM + (Ej +∆Ej(E))αj = Eαj . (A.2)
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Rearranging this equation we have
αj =
αM√
Nc
Vj
E − Ej −∆Ej(E) , (A.3)
Multiplying Eq. (A.3) by its complex conjugate we have
|αj|2 = |αM |
2
Nc
|Vj|2
|E − Ej −∆Ej(E)|2 . (A.4)
The normalisation condition implies
|αM |2 +
∑
j
|αj|2 = 1, (A.5)
and therefore the fractional Γ character is given by
fΓ = |αM |2 =

1 + 1
Nc
∑
j
|Vj|2
|E − Ej −∆Ej(E)|2


−1
. (A.6)
The complex poles εp of the Green’s function Gkk can be expressed as eigen-
values of the Hamiltonian of Eq. (A.1) if we substitute the real energy E by the
complex poles εp and also the energy shift ∆Ej(E) by ∆Ej(εp) in this equation.
In this case the contribution of localised state j to the poles at εp is given by
Wj,p = |αj|2 = |αM |
2
Nc
|Vj|2
|εp −Ej −∆Ej(εp)|2 . (A.7)
and therefore Eq. (A.6) becomes
fΓ = |αM |2 =

1 + 1
Nc
∑
j
|Vj|2
|εp − Ej −∆Ej(εp)|2


−1
. (A.8)
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Appendix B
Iterative search method for
finding the poles of GF
In order to calculate Green’s function given in Eq. (7.1) we need to calculate
∆Ej(ε) for all values of E = ℜ(ε) and δ = ℑ(ε). We ﬁrst solve Eqs. (5.2) and
(5.3) self-consistently for real values of the energy, as we already explained in
Chapter 5, and determine ∆Ej(ε) for real values of ε (i.e. for δ = 0). Then we
vary δ from 0 to −∆max by small steps, dδ, where ∆max is the maximum negative
imaginary part of ∆Ej . For each value of imaginary part of the energy δ, we use
∆Ej(E + i(δ − dδ)) as an initial value for ∆Ej(E + iδ) to solve Eqs. (7.1) and
(7.2) self-consistently, by the iteration method described in Chapter 5.
To ﬁnd the poles of the Green’s function εp(k), we need to ﬁnd values of ε
where [Gkk(εp)]−1 = 0. Deﬁning γ(ε) by
γ(ε) = ε− 1
Nc
∑
j
|Vj|2
ε− Ej −∆Ej(ε) , (B.1)
we have
γ(ε) = [Gkk(εp)]−1 + Ek, (B.2)
and the poles εp(k) of Gkk occur where
γ(εp) = Ek. (B.3)
One approach for ﬁnding the solution of Eq. (B.3) is to calculate γ(ε) along the
lines in the complex plane, for which ℜ[ε] = E is constant. Thus, for ﬁxed E,
we vary δ from 0 to −∆max. We then search for where the resulting γ(E + iδ)
crosses the positive real axis at some value, Ek = ~2k2/2m. The wavevector is
then k =
√
2mγ(ε)/~, and εp(k) = E+ iδ. (If the curve of γ(ε) does not cross the
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Figure B.1: The real and imaginary parts of γ(ε) for some chosen energies close
to the nitrogen localised stat energy, EN . For each curve, for the given ℜ(ε) = E,
ℑ(ε) is varied from 0 to −26 meV.
positive real axis, then there is no value of k for which the band energy equals
this value of E.) We now have the real and imaginary parts of εp(k). Varying
ℜ[εp] allows us to plot the complex bands E versus real k. For each k, ℜ[εp] gives
the physical energy of the state and −2ℑ[εp]/~ is its decay rate.
B.1 The two-band model
In the two-band model, we include only isolated nitrogen with energy EN . For
all values of E and δ, we vary δ from 0 to −∆max (e.g. −26 meV for x = 0.2%)
in the steps of 0.1 meV, and for each value of δ we iterate Eqs. (7.1) and (7.2) 40
times to assure we have reached convergence in ∆EN(E + iδ).
Now, having the ∆EN (ε) on the whole complex surface we can calculate the
poles of the Green’s function εp. In the 2-level model γ(ε) is simpliﬁed as
γ(ε) = ε− V
2
Nc
ε− EN −∆EN (ε) , (B.4)
where V 2Nc = xβ
2. Finding the corresponding values of δ that γ(E + iδ) crosses
the real axis we have ℜ(εp)(= E) and ℑ(εp).
Figure B.1 illustrates the method of searching for the poles of the Green’s func-
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tion, showing γ(E + iδ) for ﬁxed values of E and δ varying from 0 to −26 meV.
Finding the poles for energies, E, inside the (lower and upper) bands is straight-
forward: by varying δ, γ(E + iδ) crosses the positive real axis. For instance, we
can easily ﬁnd the appropriate pole at E = 190 meV, shown by the black line
in Fig. B.1. For some energy values E we can not ﬁnd the poles of the Green’s
function, as γ(E + iδ) does not cross the positive real axis. Therefore, there is
no pole corresponding to this energy. This indicates that such an energy E is
located inside the gap of the CB, e.g. E = 245.3 meV and E = 246.2 meV shown
by the green and blue squares, respectively, in Fig. B.1.
For energies E near the top of the lower band (e.g. the red and the brown
circles in Fig. B.1), despite the fact that γ(ε) has some values on both sides of
the positive real axis, no value of ε is found for which γ(ε) is real. Therefore we
exclude these states from the band. This failure to ﬁnd poles at these energies
is due to the failure of the iterative search method for solution of Eqs. (7.1) and
(7.2) to converge to a value of ∆EN with negative imaginary part. Moreover, as
we will see in Figs. 7.2 and 7.3, at the bottom of the upper band, we also can not
ﬁnd any value of δ that gives ℑ(γ(E + δ)) = 0. That is the reason for observing
the wider gap for the calculations at the poles of the Green’s function in § 7.3.
B.2 The LCINS method
In the LCINS method the we include the distribution of N states, we can calculate
∆EN (ε) in a similar way to the method that was described in previous section,
by solving the pair of equations (7.1) and (7.2), self-consistently. We then search
for the poles εp of the Green’s function and calculate and calculate Ek and the
poles εp as discussed in previous section for the two-level model.
The blue circles in Fig. B.2 display the calculated dispersion relation for
GaNxAs1−x with x = 0.1, 0.36, 1.2 and 2.0%, using the LCINS distribution and
the SCGF approach, while the poles of Green’s function, εp are calculated using
the iterative search method. As we mentioned in § 7.4, ﬁnding the poles of the
Green’s function is tricky. For instance the red stars in Fig. B.2 show the energies
E where γ(ε) discontinuously crosses the positive real axis but it is not possible
to ﬁnd a value of imaginary part of the energy, δ, for which ℑ[γ(E + iδ)] = 0.
The green areas below the CBE and around the isolated N states energy, show
the energies for which γ(E + iδ) does not cross the positive real axis of energy.
(See Fig. 7.2.) Fig. B.2 shows that, besides a gap corresponding to isolated N
states, we have other mini-gaps related to pairs and larger clusters, that are more
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Figure B.2: The dispersion relation of GaNxAs1−x with x = 0.1, 0.5, 1.2 and 2.0%
calculated by the SCGF approach using the full distribution of nitrogen localised
states from the LCINS method (blue circles). The red stars show the values of
E where γ(ε) discontinuously crosses the positive real axis, but where no value
of δ gives γ(E+ iδ) = 0. The green shaded areas show the energies, E, for which
γ(E + iδ) does not cross the positive real axis.
pronounced for higher N concentration x.
Figure B.2 also shows that the upper sub-band (above isolated N states)
does not start from k = 0, in contrast to the band dispersion predicted by the
BAC model. As mentioned before this is because of the problem in stability of
iterative search method to ﬁnd ∆Ej(εp), and we can ﬁx that by using the complex
eigenvalue method as discussed in § 7.3.1.
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Appendix C
Contribution of individual poles
of Gnn to the density of states
If we apply the residue theorem to the full circular contour C ′ of radius R in the
complex plane, we can obtain a sum rule for the residues of Gnn at its poles εp
in the lower half-plane
2πi =
∫
C′
Gnn(E)dE = 2πi
∑
p
Res[εp], (C.1)
where εp are the (complex) roots of the equation,
εp −En −∆En(εp) = 0, (C.2)
and the residue is deﬁned as
Res[εp] = lim
E→εp
E − εp
εp − En −∆En(εp) =

1− d∆EndE
∣∣∣∣∣∣
E=εp


−1
. (C.3)
Thus, we have a sum rule for the residues at the poles εp
1 =
∑
p
Res[εp] =
∑
p

1− d∆EndE
∣∣∣∣∣∣
E=εp


−1
, (C.4)
and the contribution of each pole εp of the Green’s function to the integrated the
density of states might naturally be taken to be
Wp = ℜ

1− d∆EndE
∣∣∣∣∣∣
E=εp


−1
. (C.5)
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Res[εp] = (
dγ
dE
)−1 at E = εp. (C.6)
Then
∑
p Wp = 1. But, from Eq. (B.3), we have that
dεp
dEk
dγ
dE
∣∣∣∣
E=εp
= 1, (C.7)
and therefore
Res[εp] =
dεp
dEk
. (C.8)
This is consistent with the contribution dεp/dEk of an exact eigenstate of energy
E to the k-projected DOS. From Eq. (5.11), the derivative of γ(E) with respect
to energy is given by
dγ
dE
= 1− 1
Nc
∑
j
|Vj |2
[E − Ej −∆Ej(E)]2
{
1− d∆Ej
dE
}
. (C.9)
From Eq. (C.7) we can calculate dεp/dEk as
ℜ

 dεp
dEk

 = ℜ

 dεp
dγ(εp)

 = ℜ


(
dγ(εp)
dεp
)−1
= ℜ



1− 1Nc
∑
j
|Vj|2
[εp −Ej −∆Ej(εp)]2
×
(
1− d∆Ej(εp)
dεp
)

−1
. (C.10)
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Appendix D
The real and imaginary parts of
γ(E) and the decay rate of
momentum states.
We have deﬁned γ(E) as
γ(ε) = ε− 1
Nc
∑
j
|Vj|2
ε− Ej −∆Ej(ε) , (D.1)
Having ε = E + iδ we can separate the real and imaginary parts of γ(E) as
γ(E) = E + iδ − 1
Nc
× ∑
j
|Vj|2(
E − Ej − ℜ[∆Ej(ε)]
)
+ i
(
δ −ℑ[∆Ej(ε)]
)
=

E − 1
Nc
∑
j
|Vj|2
(
E − Ej −ℜ[∆Ej(ε)]
)
∣∣∣ε− Ej −∆Ej(ε)∣∣∣2


+ i

δ − 1
Nc
∑
j
|Vj|2
(
ℑ[∆Ej(ε)]− δ
)
∣∣∣ε−Ej −∆Ej(ε)∣∣∣2

. (D.2)
At the poles εp, of Green’s function, the imaginary part of γ(εp) should be zero
and its real part is equal to Ek, where
Ek = ℜ[εp]− 1
Nc
∑
j
|Vj |2
(
ℜ(εp)−Ej − ℜ[∆Ej(εp)]
)
∣∣∣εp − Ej −∆Ej(εp)∣∣∣2 . (D.3)
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states.
The derivative of this expression with respect to ℜ[εp] is
dℜ[γ(εp)]
dℜ[εp] = ℜ
[
dγ
dE
]
E=εp
= ℜ

1 + 1
Nc
∑
j
|Vj|2
{
1− d∆Ej(εp)
dεp
}
(
εp − Ej −∆Ej(εp)
)2

.
(D.4)
The vanishing of the imaginary part of γ in Eq. (D.2) at εp gives
ℑ[εp] = 1
Nc
∑
j
|Vj|2
(
ℑ[∆Ej(εp)]− ℑ(εp)
)
∣∣∣εp −Ej −∆Ej(εp)∣∣∣2 , (D.5)
and, using Eq. A.7 for Wj,p, the imaginary part of εp can be written as
ℑ[εp] =
∑
j
Wj,p
|αM |2
(
ℑ[∆Ej(εp)]− ℑ(εp)
)
. (D.6)
Rearranging, and using the fact that |αM |2 +∑j Wj,p = 1 we have
ℑ[εp] =
∑
j
Wj,pℑ[∆Ej(εp)]. (D.7)
Therefore, the decay rate from Eq. (7.24) can be written as
R(E) = −2
~
ℑ[εp] = −2
~
∑
j
Wj,pℑ[∆Ej(εp)]
= ℜ

− 2~
1
Nc
∑
j
|Vj|2fΓ(εp)ℑ[∆Ej(εp)]
|εp − Ej −∆Ej(εp)|2

. (D.8)
Also from Eqs. (5.3) and (5.15) we have
ℑ[∆Ej(E)] = |Vj|
2
Nc
∑
k
ℑ[Gkk(E)] = −π|Vj|
2
Nc
(2m∗)3/2
4π2~3
ℜ
[
(γ(E))1/2
]
, (D.9)
where at the poles of Green’s function it becomes
ℑ[∆Ej(εp)] = −π|Vj |
2
Nc
(2m∗)3/2
4π2~3
E
1/2
k = −
π|Vj |2
Nc
D0(Ek), (D.10)
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where D0(Ek) is the DOS of the host semiconductor CB. Hence, Eq. (D.8) is
given by
R(εp) = −2π
~
∑
j
1
Nc
|Vj|4
|εp − Ej −∆Ej(εp)|2
fΓD0(Ek)
Nc
(D.11)
having in mind that the denominator in the brackets can be written in the form
(
εp −Ej − ℜ[∆Ej(εp)]
)2
+
(
ℑ(εp)−ℑ[∆Ej(εp)]
)2
Eq. (D.11) is equivalent to the expression that Fahy et al. [13] derived for the
scattering rate as
R(E) = −2π
~
∑
j
1
Nc
|Vj|4
|(E −Ej)2 + (Γ/2)2
fΓD(Ek)
Nc
(D.12)
where D(Ek) was the DOS the CB of the GaAs was assumed to be parabolic. If
we consider E ′j = Ej + ℜ[∆Ej(εp)], Γ/2 = ℑ(εp) − ℑ[∆Ej(εp)] and taking DOS
for a parabolic band.
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